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Abstract
We introduce and study the properties of the “color-straight” four-quark oper-
ators containing heavy and light quark fields. They are of the form (b¯Γbb)(q¯Γqq)
where both brackets are color singlets. Their expectation values include the bulk of
the nonfactorizable contributions to the nonleptonic decay widths of heavy hadrons.
The expectation values of the color-straight operators in the heavy hadrons are
related to the momentum integrals of the elastic light-quark formfactors of the re-
spective heavy hadron. We calculate the asymptotic behavior of the light-current
formfactors of heavy hadrons and show that the actual decrease is 1/(q2)
3
2 rather
than 1/q4. The two-loop hybrid anomalous dimensions of the four-quark operators
and their mixing (absent in the first loop) are obtained. Using plausible models
for the elastic formfactors, we estimate the expectation values of the color-straight
operators in the heavy mesons and baryons. Improved estimates will be possible in
the future with new data on the radiative decays of heavy hadrons. We give the
Wilson coefficients of the four-fermion operators in the 1/mb expansion of the inclu-
sive widths and discuss the numerical predictions. Estimates of the nonfactorizable
expectation values are given.
∗Address after September 1: Newman Laboratory of Nuclear Studies, Cornell University, Ithaca,
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1 Introduction
The heavy quark expansion proved to be useful in describing decay properties of
beauty hadrons. At the level of nonperturbative effects a number of local heavy
quark operators of increasing dimension appears whose expectation values in the
heavy flavor hadrons determine the importance of preasymptotic effects. The first
nontrivial operators, chromomagnetic OG = b¯
i
2
σµνGµνb and the kinetic operator
Oπ = b¯(i ~D)
2b have D = 5. The expectation value of OG is known directly from
the masses of beauty hadrons. The expectation value µ2π of Oπ is not yet known
definitely, although a certain progress has been achieved over the last few years in
evaluating it for B mesons.
More operators appear at D = 6, in particular, four-fermion operators b¯Γb q¯Γ′q
where q are light quarks and Γ, Γ′ denote various Lorentz and color structures. In the
inclusive widths of heavy hadrons such expectation values govern 1/m3b corrections.
Their effect is still significant, especially due to specific accidental suppression of the
impact of the leading D = 5 operators.
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Unfortunately, the expectation values of the four-fermion operators up to now
remain rather uncertain. Since the mid-80s [1], the vacuum factorization approxi-
mation has been used to estimate the mesonic matrix elements which then appear
proportional to f 2B. Such factorizable terms are absent in baryons, and a number of
simple constituent quark model estimates have been employed. The validity of the
assumptions implemented in such analyses is not clear, however. As a result, the
expectation values where the factorizable contributions are absent or suppressed,
remain uncertain.
On the other hand, the problem of a more reliable evaluation of the relevant
four-fermion expectation values recently attracted a renewed attention since the
lifetime ratios of the different beauty hadrons have been accurately measured. While
data and predictions of the meson lifetimes are non-trivially consistent, the small
experimental ratio τΛb/τBd = 0.78 ± 0.07 [2], if taken literally, seems to be in a
conflict with the expectations based on the 1/mb expansion.
In the framework of nonrelativistic quark description the four-fermion expec-
tation values are all expressed via the wavefunction density at origin |Ψ(0)|2 (for
mesons) or the diquark density
∫
d3y|Ψ(0, y)|2 (for baryons). All expectation values
differ then by only simple color and spin factors [1]. For example, in B mesons one
has
1
2MB
〈B−|(b¯b)(u¯u)|B−〉 = |Ψ(0)|2 ,
1
2MB
〈B−|(b¯iγ5u)(u¯iγ5b)|B−〉 = Nc|Ψ(0)|2 (1)
(color indices are contracted inside each bracket), and for baryons
1
2MΛb
〈Λb|(b¯b)(u¯u)|Λb〉 =
∫
d3y|Ψ(0, y)|2 ,
1
2MB
〈Λb|(b¯u)(u¯b)|Λb〉 = 1
2
∫
d3y|Ψ(0, y)|2 , (2)
etc.
In actual QCD this simple picture does not hold, and the naive Quantum Me-
chanics (QM) relations between different expectation values are generally violated.
Moreover, the notion itself of the nonrelativistic wavefunction used in the potential
description, becomes ambiguous. Even in the perturbative domain the expectation
values become scale-dependent, and the renormalization is in general different for
different operators. This manifestly goes beyond the potential description, even
extended for the price of introducing various light-quark spin wavefunctions in an
attempt to account for the relativistic bispinor nature of the light quark fields.
In this paper we note that there exists nevertheless a natural generalization of
the notion of the wavefunction density, in particular at origin (the origin is defined
as the position of the heavy quark). It is associated with the expectation values
of those four-fermion operators for which the b¯Γb bracket is a color singlet. The
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color flow for such operators is not disturbed, and we call them “color-straight”
operators. Their expectation values in the heavy quark limit mb → ∞ are related
to the observable transition amplitudes. This fact suggests that they are better
candidates for the operator basis used to parametrize hadronic expectation values
in various applications. Moreover, they are more suitable also for applying general
bounds of the type discussed in [3]. Such QM-type inequalities can be formulated
more rigorously for these operators in full QCD.
Knowledge of the light-quark current elastic formfactors of heavy hadrons would
allow one to determine the color-straight expectation values. Unfortunately, they
are practically unknown yet. Nevertheless, employing reasonable assumptions about
their q2 dependence allows more definite estimates of the expectation values. As the
most conservative attitude, they can be viewed as educated dimensional analysis,
with the added bonus of being free of ambiguities related to ad hoc powers of 2π
inherent in various naive dimensional estimates. Such numerically significant un-
certainties often cause controversy in the resulting expectations leading sometimes
to rather surprising phenomenological conclusions. We also think that the derived
relations can be used for an alternative, simple evaluation of the color-straight ex-
pectation values in the lattice heavy quark simulations.
2 Color-straight operators and light current am-
plitudes
Our main object of interest is the expectation values of the color-straight operators
of the generic type
b¯iΓbb
i q¯jΓqq
j (3)
where Γb, Γq are arbitrary matrices contracting Lorentz indices (Γq can be also a
matrix in the light flavor space), and i, j are color indices. We will consider the heavy
quark limit mb → ∞ assuming that the normalization point µ of the operators or
currents is set much smaller than mb. In this case there are two nonvanishing types
of operators transforming under rotations of the heavy quark spin as spin-singlet
and spin-triplet, respectively. The corresponding Dirac structure on the heavy side
is Γb = 1 and Γb = ~γγ5 = ~σ :
Os-s = (b¯b) (q¯Γqq) , Os-tr = (b¯σkb) (q¯Γqq) (4)
All possible Γb-structures are reduced to these operators. In our discussion we always
assume that the heavy quark is at rest, vµ = (1,~0), and vµ denotes the velocity of
the b-hadron Hb. Since in the heavy quark limit the b quark spin decouples, we start
for simplicity from considering the spin-singlet operators Os-s. The straightforward
generalization for Os-tr will be formulated later.
If a heavy meson were a two-body QM system where, additionally, the light
quark is nonrelativistic as well, the expectation values of Oi measure the meson
3
wavefunction at origin, see the first of Eqs. (1), and likewise for other matrices Γq for
which different spin wavefunctions Ψ(x) can enter. In the momentum representation
Ψ(0) =
∫
d3~p
(2π)3
Ψ(~p ) (5)
(we use the normalization where
∫
d3~p/(2π)3 |Ψ(~p )|2 = 1).
On the other hand, in such a nonrelativistic system the Fourier transform of the
light quark density distribution measures the elastic transition amplitude (formfac-
tor) of the meson associated with the scattering on the light quark:
F(~q ) ≡ 1
2MB
〈B(~q)|q¯q(0)|B(0)〉 =
∫
d3~xΨ(~x)Ψ∗(~x)e −i~q~x . (6)
The following relation then obviously holds:
∫
d3~q
(2π)3
F(~q ) = |Ψ(0)|2 = 1
2MB
〈B|(b¯b)(q¯q)(0)|B〉 . (7)
Integrating the transition amplitude over all ~q yields the local four-fermion expecta-
tion value we are interested in. Since we study a transition induced by scattering on
the light quark, the scale of the transferred momentum is the typical bound-state
momentum and is much smaller than mb.
In actual QCD the simple nonrelativistic picture does not apply. The light quark
is certainly relativistic. Additionally, a two-body potential description (generally,
any fixed-parton wavefunction) can only be approximately correct, with a priori
unknown accuracy.
It appears, however, that in spite of the fact that neither Eqs. (1) nor (6) can
be rigorously written in QCD, the final relation between the momentum integral of
the (elastic) transition amplitudes and the color-straight expectation values holds
exactly, up to corrections vanishing when mb → ∞. It is not difficult to see, for
example, that proceeding from a two-body nonrelativistic meson to a three-body
nonrelativistic baryon does not modify the relation. We do not illustrate it here,
and instead give a general field-theoretic proof.
Let us start with the operator Os−s = b¯b q¯Γq and consider the corresponding
light quark current and its transition amplitude:
JΓ(x) = q¯Γq(x) ;
1
2MHb
〈H˜b(~q )|JΓ(0)|Hb(0)〉 = AΓ(~q ) . (8)
The current does not need to be scalar; any particular component can even be
considered separately. Likewise, the transition amplitude may not be a true scalar.
The initial and final states may differ. The following relation holds:
1
2MHb
〈H˜b(0)|b¯b q¯Γq(0)|Hb(0)〉 =
∫
d3~q
(2π)3
AΓ(~q) . (9)
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To prove this relation, we write explicitly the state H˜b(~q ) with non-zero momen-
tum as a result of the Lorentz boost from rest to the velocity ~v = ~q/MH˜b:
|H˜b(~q )〉 = U
[
L
(
~q
MH˜b
)]
|H˜b(0)〉 , (10)
where U
[
L
(
~q
MH˜b
)]
is the corresponding Lorentz boost unitary operator. This op-
erator is given by [4]
U [L(~v)] = e −i~n·
~Kθ sinh θ = |~v|, ~n = ~v|~v| ; (11)
the boost generators ~K can be expressed in terms of the symmetric energy-momentum
tensor Tµν :
Ki =
∫
d3~x
(
xiT 00 − x0T 0i
)
(12)
(x0 is fixed in Eq. (10) and can be put to zero). Since ~q does not scale with mb,
we actually need to retain only the linear in ~v terms, which leads to simplifications.
For example, the polarization degrees of freedom of H˜b (if any) do not change at the
boost.
The whole energy-momentum tensor consists of two parts:
Tµν = T
light
µν + T
heavy
µν = T
light
µν +
1
4
b¯[γµ(i ~D)ν + γν(i ~D)µ−
←
(iD)ν γµ−
←
(iD)µ γν ]b ,
(13)
where T lightµν is the usual QCD energy-momentum tensor including only light fields;
it is free of the large parameter mb. In the heavy quark limit we need to retain only
the part of Tµν which is proportional to mb:
Ki =
∫
d3x xiT 00(x) = mb
∫
d3x xi b¯b(x) + O
(
m0b
)
. (14)
Here we have used the equations of motion for the b field. The anomalous terms are
included in the last term (see, e.g., [5], Sect. II). Therefore, we arrive at
〈H˜b(~q)|JΓ(0)|Hb(0)〉 = 〈H˜b(0)| e i
∫
d3z (~q~z) b¯b(~z) JΓ(0) |Hb(0)〉 . (15)
The heavy quark limit leads to further simplifications: the number of heavy
quarks becomes fixed and b itself becomes static. Then in the single-b sector the
following identity holds:
e i
∫
d3z f(~z )b¯b(~z ) =
∫
d3z e if(~z ) b¯b(z) . (16)
Indeed, in the single-b sector any product of the static b quark bilinears is very
simple:
(b¯σ1b)(~z1)...(b¯σnb)(~zn) = δ
3(~z1 − ~zn)...δ3(~zn−1 − ~zn) b¯σ1...σnb(zn) |single b (17)
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(σk are arbitrary spin matrices). Using this, we obtain
e i
∫
d3z f(~z )b¯b(~z ) =
∞∑
n=0
in
n!
∫
d3z1...d
3zn f(~z1)...f(~zn) b¯b(~z1)...b¯b(~zn) =
∞∑
n=0
in
n!
∫
d3z fn(~z )b¯b(~z ) =
∫
d3z e if(~z ) b¯b(~z ) . (18)
Taking f(~z) = ~q~z we rewrite Eq. (15) in the desired form:
〈H˜b(~q )|JΓ(0)|Hb(0)〉 = 〈H˜b(0)|
∫
d3z e i~q~z b¯b(~z) JΓ(0) |Hb(0)〉 . (19)
Eq. (19) provides the discussed quantum field-theory generalization of the notion
of the light-quark density q¯Γq at arbitrary separation; one can define, for example,
|ΨΓ(x)|2Hb =
∫
d3~q
(2π)3
e i~q~x
1
2MHb
〈Hb(~q )|JΓ(0)|Hb(0)〉 . (20)
In what follows we are interested in the local heavy quark operators, that is
when the light field operators enter at the same point as the b quark field. It is these
operators that appear in the heavy quark expansion. Integrating Eq. (19) over ~q we
get
〈H˜b(0)|b¯b(0)JΓ(0)|Hb(0)〉 =
∫ d3~q
(2π)3
〈H˜b(~q )|JΓ(0)|Hb(0)〉 . (21)
This is our master equation. We see that, in principle, it is even more general
than was stated earlier: JΓ(0) can be arbitrary gauge-invariant operator composed
of the light fields, and not necessarily a light-quark bilinear. Besides, this relation
holds not only for the truly forward transition matrix elements. The initial and final
state hadrons can be different. Generally, they can even have different momenta;
however, it must be assumed that these momenta are small compared to mb – say,
of the typical light hadron mass scale. Since this equation involves the integration
over all transferred momenta, varying the relative momentum of the final and initial
hadrons have no effect whatsoever, as it should be.
Informative relations emerge, on the other hand, if we vary the heavy flavor state
|H˜b〉 (or |Hb〉) within the corresponding heavy-spin multiplet. Since the b-quark spin
decouples, this yields similar relations for the color-straight spin-triplet operators
containing b¯~σb, that is, with the axial-vector b-quark current. In particular,
〈H˜b(0)|b¯σkb(0)JΓ(0)|Hb(0)〉 =
∫ d3~q
(2π)3
〈Sk H˜b(~q )|JΓ(0)|Hb(0)〉 , (22)
where ~S/2 is the b-quark spin operator. Formally one obtains this using, for example,
the representation
|Sk H˜b〉 =
∫
d3~x b¯σkb(x) |H˜b〉
6
and applying relations (16), (17) generalized to include the b-quark spin matrices.
Alternatively, it follows merely from the heavy-spin symmetry relation between ma-
trix elements of the operators b¯bJΓ(x) and b¯σkbJΓ(x) .
It is worth to give a less rigorous but a transparent QM derivation of the master
equation Eq. (21). Let us represent the expectation value of the color-straight
operator b¯sb JΓ(0) (s is either the unit or a spin matrix) by the sum over possible
intermediate states:
〈H˜b|b¯sb(0) JΓ(0)|Hb〉 =
∑
n
∫
d3~q
(2π)32En
〈H˜b|b¯sb(0)|n(~q )〉〈n(~q )|JΓ(0)|Hb〉 . (23)
The states |n(~q )〉 are hadrons with a single b quark. In the effective theory the
integral over momenta must converge at a hadronic scale which is much smaller
than mb. Then only the elastic transition (i.e., where H˜b and |n〉 belong to the same
hyperfine multiplet differing, at most, by the heavy quark spin alignment if s is not
a unit matrix) survive in the sum: all excited transition amplitudes generated by the
heavy quark current b¯sb(0) are either proportional to 1/m, or to velocity ~v ≃ ~q/mb
of the heavy hadron state |n(~q )〉 [6]. Moreover, since ~v → 0 the elastic amplitude is
unity up to corrections ∼ q2/m2b we neglect. Thus, Eq. (21) is reproduced.
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Figure 1: Diagrams for the renormalization of the four-fermion operators.
Let us illustrate the validity of relation (21) diagrammatically, in respect to the
perturbative corrections. Relevant order-αs corrections to the expectation value of
the four-fermion operator are drawn in Figs. 1 whereas Figs. 2 show the corrections to
the formfactor. The gluon exchanges involving only light quarks merely renormalize
the current in question, and we do not consider them. The corrections dressing the
heavy-quark part vanish due to conservation of the b-quark current (we consider
gluon momenta much smaller than mb).
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Figure 2: Diagrams contributing to the light quark formfactor of a heavy hadron.
In the nonrelativistic approximation for the light quark the “crossed” diagrams
are suppressed, and the remaining diagrams Figs. 1a and b have obvious counter-
parts in the corresponding diagrams in Fig. 2. Going beyond a simple potential
approximation (e.g., at k2 ≫ m2q), however brings in diagrams Figs. 1 c,d as well.
In fact, one should keep in mind that in Eq. (21) the integration of the formfactor
is performed only over the spacelike components of ~q. This fixes the spacelike sep-
aration of the b¯b and q¯Γq currents to be zero, however per se does not specify the
timelike separation of the vertices which is actually determined by the heavy quark
propagators. In reality, a single diagram Fig. 2a corresponds to the sum of diagrams
a and c in Fig. 1, and likewise with diagrams b. In the coordinate representation,
the heavy quark propagator in Fig. 1a is ϑ(−x0) and in Fig. 1c it is ϑ(x0) thus
yielding unity in the sum (unity means absence of any propagation, as in Fig. 2).
Let us illustrate it in the usual momentum representation. Denoting the gluon
momentum in Fig. 1 by k, we keep the spacelike components of k fixed and consider
the integral over ω ≡ k0. The diagrams a and c are given, respectively, by
1
−ω − iǫ · A
(
~k, ω
)
and
1
ω − iǫ · A
(
~k, ω
)
, (24)
where A
(
~k, ω
)
generically denotes the ‘light’ part of the diagram (including the
gluon propagator). Since
1
−ω − iǫ +
1
ω − iǫ = 2πiδ(ω) ,
the integration dk0
2πi
of the sum of Figs. 1a and 1c amounts merely to setting k0 = 0
in the rest of the diagram. (This is a special case of the more general relations given
in Appendix 1.) Then it exactly coincides with Fig. 2a if ~k is identified with the
gluon momentum ~l in the latter. Although the gluon momentum transfer ~l is not
generally equal to ~q but can differ by a primordial momentum in the bound state,
integration over all ~q is equivalent to integration over d3~l. Similarly, the sum of the
diagrams in Figs. 1b and 1d yields the integral of Fig. 2b over ~q .
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It is clear that this proof is generalized for an arbitrary number of gluon ex-
changes between the ‘light’ and ‘heavy’ parts of the diagrams, or the case of the
axial b-quark current (see Appendix 1). It is imperative, however, that the b quark
current is color-singlet.
3 Applications
We now turn to some applications of the relations (21), (22).
3.1 Perturbative renormalization of the color-straight oper-
ators
In general, the composite heavy-quark operators depend on the renormalization
point µ which is assumed to satisfy the ‘hybrid’ hierarchy condition ΛQCD ≪ µ ≪
mb. The most interesting is the logarithmic renormalization. This ‘hybrid’ renor-
malization was first considered in [7, 8, 9] where the one-loop hybrid anomalous
dimensions were calculated for the quark bilinears and four-fermion operators.
In the expressions of the matrix elements of the color-straight operators b¯(σk)bq¯Γq
via the integral of the transition matrix element of the light quarks current, the
normalization-point dependence can appear in two ways: first, as a µ-dependence of
the light-quark current itself. This is a usual, ‘ultraviolet’ renormalization since µ is
an ultraviolet cutoff in respect to the light degrees of freedom. The second way the
dependence on the UV cutoff can enter is via the divergence of the integral over the
momentum of the final state. Indeed, in the effective theory with the cutoff µ the
perturbative states with momenta above µ are absent, while the formfactors with
|~q | ≪ µ coincide with those in full QCD. Therefore, if in full QCD the integral of the
amplitude in Eqs. (21,22) does not converge at ~q ∼ ΛQCD but has a log behavior in
the hybrid domain, this leads to the logarithmic dependence of the matrix element
on µ.
In practice we are interested in vector or axial currents of light quarks. They are
conserved and their anomalous dimensions vanish (for the flavor-singlet axial-vector
current there is an anomalous dimension in higher orders in αs related to the axial
triangle anomaly). Therefore we will phrase our discussion neglecting this type of
renormalization.
The asymptotics of the actual light quark current formfactors of the heavy flavor
hadrons is given by the perturbative diagrams where hard gluons transfer the high
momentum from the light quark to the heavy one. The tree-level order-αs diagrams
are shown in Figs. 2 a,b. By virtue of the relations Eqs. (21), (22) they determine
one-loop renormalization of the four-fermion operators. It is easy to see that these
diagrams yield amplitudes fading out at least as 1/~q 4 (the odd powers of ~q do not
contribute to the integral).1 In principle, depending on the particular form of Γ, the
1Similar quark counting rules in heavy mesons for |~q | ≪ mb have been applied, e.g., in [10].
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asymptotics of these diagrams may have the 1/|~q |3 term – it is given by
4παs
~q 4
1
2MHb
〈H˜b(0)|b¯tab q¯ (γ0 6q Γ− Γq6 γ0) taq(0) |Hb(0)〉 . (25)
(b¯tab → b¯~σtab for the spin-flip transitions). The matrix element may not vanish
for beauty hadrons with nonvanishing spin of light degrees of freedom (let us recall
that q0 = 0). However, in this matrix element both hadrons are at rest, therefore
any such 1/|~q |3 term vanishes upon integrating over the direction of ~q. The fact
of vanishing of the leading-order hybrid anomalous dimension for the operators of
the form (b¯b) (q¯γµ(γ5)q) was noted in [8] already in the mid 80’s as a result of
simple calculations of the one-loop diagrams. Our relation gives it an alternative
interpretation.

~q
Q Q

~q
Q Q

~q
Q Q
a b c
Figure 3: Order-α2s diagrams determining the asymptotics of the light quark form-
factor of a heavy hadron. Similar diagrams with the twisted gluon lines are not
shown.
A closer look reveals, however, that the cancellation of the leading 1/|~q |3 asymp-
totics does not hold already at the one-loop level. The asymptotics has actually the
form ∼ α2s(~q )/|~q |3 which emerges from the diagrams shown in Figs. 3 (other dia-
grams decrease faster in the Feynman gauge). This leads to a nonzero anomalous
dimension of the color-straight operators at order α2s and their mixing with color-
octet operators. In particular, the evaluation of the one-loop amplitudes leads to
AΓ(~q ) =
π2
2
α2s
|~q |3
[(
1− 1
N2c
) 〈H˜b|b¯b q¯Γq|Hb〉
2MHb
+ Nc
(
1− 4
N2c
) 〈H˜b|b¯tab q¯Γtaq|Hb〉
2MHb
]
.
(26)
Eq. (21) then yields for the UV part of the four-fermion operator
Os-s =
α2s
4
[(
1− 1
N2c
)
b¯b q¯Γq + Nc
(
1− 4
N2c
)
b¯tab q¯Γtaq
]
· ln Λuv
µ
+ finite piece ,
(27)
and likewise for the spin-triplet operators.
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A direct calculation of the two-loop anomalous dimensions confirms this. The
computational details are described in Appendix 2. Here we only quote the result.
Let us denote 2
µ
d
dµ
(
Oi
T i
)
= γˆ
(
Oi
T i
)
. (28)
Then
γ11 = 4π
2
(
1− 1
N2c
)(
αs
4π
)2
+O(α3s) , γ12=4π2Nc
(
1− 4
N2c
)(
αs
4π
)2
+O(α3s)
γ21 = π
2Nc
(
1− 1
N2c
)(
1− 4
N2c
)(
αs
4π
)2
+O(α3s), γ22 = 3Nc
αs
4π
+O(α2s) . (29)
We note that since γ11, γ12 and γ21 vanish to order αs, these two-loop anomalous
dimensions do not depend on the renormalization scheme. For γ22 the second-order
terms depend on the scheme and we do not consider them.
Additional terms are present for the flavor-singlet operators: for the vector cur-
rent only γ22 is modified, γ22 → γ22 − 43nf αs4π . If the operator has the flavor-singlet
axial current then only the diagonal anomalous dimension for the color-straight
operator changes, γ11 → γ11 − 6nf
(
Nc − 1Nc
) (
αs
4π
)2
.
It is interesting that, although γ11, γ12 and γ21 already appear in the second loop,
they are universal. In particular, they are the same for both timelike and spacelike
components of the light quark currents. A priori this does not need to hold. We
expect that this universality will be violated in the next order in αs.
The two-loop anomalous dimensions are enhanced, they contain a large factor
π2. Neglecting them introduces a numerical uncertainty in the running of operators.
We can estimate it by simply setting ln µ
′
µ
to unity. The corresponding corrections
at αs = 1 constitute about 15 to 30%. This provides additional justification for the
standard choice of αs(µ) = 1 as the low (hadronic) normalization scale.
We point out that the naive estimate of the power of the asymptotics 1/~q 4 of
the light current formfactors existing in the literature [10] is not correct: the actual
fall off is only 1/|~q |3 as shown in Eq. (26), which, however, is generated only by the
exchange of two gluons with momenta ∼ ~q. (The modification for the spin-triplet
operators is obvious). This asymptotics can be easily RG improved using relations
Eq. (21), (22). To the NLO it amounts to adding the factor [αs(~q )/αs(µ)]
−3Nc/2β0
(or [αs(~q )/αs(µ)]
(−3Nc+4/3nf )/2β0 for the flavor-singlet vector current) in front of the
color-octet operator, with µ the normalization point of the operators. Since the gap
between the typical hadronic mass µhad and mb is not too large in the logarithmic
scale, this observation has, probably, rather theoretical than practical significance.
2The anomalous dimensions of the operators are often defined with the opposite sign. We prefer
to use this convention where the meaning of the anomalous and canonical dimensions are the same.
That is, the scaling properties of the operators are given by the sum (rather than difference) of
their canonical and anomalous dimensions.
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It turns out that in the relativistic system the Coulomb interaction is still strong
enough to make the wavefunction density not approaching a literal constant at zero
separation but having the small logarithmic dependence on distance which appears
only at the level of loop corrections, at order ∼ α2s.
Based on the application to the lifetimes of heavy hadrons (first of all, in B
mesons) and routine application of factorization, a standard choice for the basis for
four-fermion operators ascending to the original papers on the subject was [11, 12]
Osingl =
(
b¯Γ(1)q
) (
q¯Γ(2)b
)
, Ooct =
(
b¯taΓ(1)q
) (
q¯taΓ(2)b
)
(30)
(ta = λ
a
2
, λa are the usual Gell-Mann color matrices), that is the s-channel color-
singlet and color-octet operators. It appears, however, that a better choice is to
classify the operators according to the color structure in the t-channel:
O =
(
b¯iΓ
(1)qj
) (
q¯kΓ
(2)bl
)
· δilδkj , T =
(
b¯iΓ
(1)qj
) (
q¯kΓ
(2)bl
)
· tailtakj . (31)
In the large-Nc limit these two bases coincide (up to permutation):
Osingl = 2T +
1
Nc
O , Ooct =
1
2
(
1− 1
N2c
)
O − 1
Nc
T (32)
O = 2Ooct +
1
Nc
Osingl , T =
1
2
(
1− 1
N2c
)
Osingl − 1
Nc
Ooct . (33)
The t-channel octet operators T also diagonalize the one-loop anomalous dimension
matrix; its value depends on the type of the current, flavor-singlet or octet [8].
We parametrize these generic expectation values encountered in actual weak
decays as
1
2MB
〈B|OV |B〉 = ωV 12MB 〈B|TV |B〉 = τV (34)
1
2MB
〈B|OA|B〉 = ωA 12MB 〈B|TA|B〉 = τA . (35)
The parameters ω, τ have dimension m3 and are constants in the heavy quark limit.
They can be valence or non-valence; the flavor of the light quark in the operator
will be indicated as a superscript.
For Λb-baryons we denote
1
2MΛb
〈Λb|OV |Λb〉 = λ 1
2MΛb
〈Λb|TV |Λb〉 = −2
3
λ′ ; (36)
in the valence approximation λ′ = λ. The values of λ for u and d quarks are equal,
likewise for λ′. These valence expectation values will be normally used without
flavor index.
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A remark is appropriate to conclude the discussion of the perturbative renor-
malization. Strictly speaking, the flavor-singlet operators can be renormalized in
somewhat different ways depending on the prescription to treat the tadpole-type
closed loops. The free quark loop by dimensional counting scales with the UV cutoff
µ like µ3, and describes a possible power mixing with the D = 3 “unit” heavy-quark
operator b¯b already at order α0s. Although for practically relevant operators such a
“bare” mixing vanishes for the usual way to regulate the light quark loop, one can
raise the question where this freedom is reflected in relations (21,22) for a generic Γ.
The resolution is rather straightforward: the flavor-singlet current q¯Γq also requires
regularization of the closed fermion loop and, a priori admits mixing with the unit
operator (the tadpole graph). This operator does not lead to any physical transi-
tion at q 6= 0 but to the forward amplitude with ~q = 0. A formally defined current
q¯Γq may thus lead to an additional term proportional to δ3(~q ) in the transition
amplitude A(~q ), which would reproduce the tadpole term in the expectation value.
Similarly, strictly speaking one could have chosen an arbitrary convention for the
phases of the states |H˜b(~q )〉 with different momenta ~q . This would redefine the phase
of the transition amplitude A(~q ). In our relations such a freedom was eliminated by
adopting Eqs. (11,12,14) which ensures, for example, the proper analytic properties
of the transition amplitudes.
In the purely perturbative calculations one can, in principle, consider not only
the actual physical amplitudes, but also similar transition amplitude induced by the
light quark currents carrying color. Applying to them relations similar to Eq. (21)
and (22) one would need to consider the color-nonsinglet quark in or out states.
This case requires certain care since such amplitudes may have additional (gauge-
dependent) infrared singularities.
It is worth reiterating that in our analysis it is assumed that all heavy quark
operators are renormalized at a scale well below mb, which implies a nontrivial –
even if finite – renormalization when passing from the full QCD fields. In particular,
the vector b¯b and axial b¯~σb currents both do not renormalize in this domain; however,
they run differently when evolved down from the scale ∼ mb. While b¯γ0b → b¯b
is not renormalized, the short-distance renormalization of b¯γkγ5b → b¯σkb slightly
suppresses it:
ζ ≃ 1− 2αs
3π
+ O(α2s)
(the second-order correction has been also calculated [13]). This is not, however,
the only short-distance contribution differentiating the renormalization which, in
general, depends on the exact form of the operators. We will not further dwell on
these corrections in our numerical analysis.
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3.2 Estimates of the color-straight expectation values in B
mesons
Relations (21,22) open a possibility for an alternative evaluation of the expectation
values of the color-straight operators. It requires knowledge of the light-quark-
current formfactors of heavy hadrons. The direct experimental information about
them is scarce. Therefore, we have to assume a reasonable model. Our general
strategy for all expectation values of interest is the same: decompose the transition
amplitude into the invariant formfactors, and adopt a model for the formfactors
satisfying known constraints.
For the family of Λb baryons, the number of possible amplitudes is limited due
to the fact that the light degrees of freedom are spinless – one can construct only
scalar, vector and tensor currents while pseudoscalar and axial amplitudes vanish.
There are no axial analogues of the expectation values in Eq. (36). For mesons all
amplitudes are possible. Our main attention will be devoted to the vector and axial
currents, due to the chiral invariance of phenomenologically relevant four-fermion
operators. We do not consider the tensor current, and only briefly comment on the
scalar one.
There is only one formfactor for the vector current (for each flavor content) for
both B and Λb describing the only nonvanishing timelike component:
〈B(~q )|Jµ|B(0)〉 = −vµFB(q2)
〈Λb(~q )|Jµ|Λb(0)〉 = vµFΛb(q2)u¯(v, s′)u(v, s) . (37)
One important constraint on the formfactors is their value at q2 = 0. The values of
FB,Λb(0) are fixed by the corresponding charge of the hadron: it is 1 for the current
of a valence quark, and zero for a ‘sea’ light flavor.3 For the amplitude in Eqs. (37)
the integration over ~q yields
vµ
∫
d3~q
(2π)3
F (q2) =
vµ
4π2
∫ ∞
0
dt
√
tF (−t) . (38)
The valence formfactors are expected to decrease for non-zero ~q 2. For the isovec-
tor formfactor the slope at q2 = 0 (related to the corresponding charge radius) can
be estimated in terms of experimentally observable quantities by an analogue of the
Cabibbo-Radicati sum rule for heavy hadrons [14]:
dF (q2)
dq2 |q2=0
=
1
8αQ2
∑
exc
(2J + 1)
Γ(Bexc → Bγ)
|~k |3 (39)
where the sum runs over excitations of B with spin J and Q is the light quark
charge in units of e (a similar relation holds for baryons as well), and the nonresonant
contributions are neglected. This slope is not yet known experimentally well enough.
3We adopt the convention where B mesons have the quark content bq¯.
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Relations following from Eq. (38) can be used in the lattice simulations to eval-
uate the expectation values, by measuring the transition formfactors in a few kine-
matic points and interpolating between them. This type of lattice measurements
can be simpler than for the heavy-quark current transitions, since the heavy quarks
remain at rest and the momenta involved in the process do not scale with mQ. This
makes the static approximation rather straightforward.
If we represent the formfactor as a sum over singularities in the t-channel
F (q2) =
∑
n
cnM
2
n
M2n − q2
, (40)
the integral Eq. (38) takes the form
∫ d3~q
(2π)3
F (q2) = − 1
4π
∑
n
cnM
3
n ; (41)
we have an additional constraint ∑
n
cnM
2
n = 0 (42)
following from the fact that the transition amplitudes decrease faster than 1/~q 2.
It is natural to consider the simplest model of saturation containing only two
lowest-lying 1− states with appropriate isospin quantum numbers. For example,
for I = 1 we use ρ(770) and ρ(1450). With fixed normalization at q2 = 0 and
the constraint (42) this model predicts the value of the integral in terms of the
two masses. It is worth noting that such a model would obviously lead to equal
expectation values of the operators in B and Λb. Imposing an additional constraint
from the slope of the formfactors would allow one to fix all residues in a three-pole
model as well, which can be hoped to yield a more accurate estimate.
A word of reservation is in order at this point. Such a saturation of the nucleon
formfactors by two lowest t-channel resonances is known to provide a good approx-
imation for moderate q2 where the experimental formfactors are described by the
double-pole expressions. There is no general theoretical justification for such a coin-
cidence, and more resonances are expected to play a role for larger q2. In particular,
at −q2 ∼> 1GeV2 the formfactor can decrease faster. Due to the phase space factor
the role of the domain of large q2 is enhanced. The contribution of higher states,
while affecting a little the formfactors near q2 = 0, still can significantly change the
integral (41). We will return to this point later.
It is clear that since the asymptotics of the amplitudes has an odd power of
1/|~q |, their representation by a finite number of the t-channel resonances is not
possible. The true spectrum of the t-channel states must extend to arbitrary high
masses. It applies even if there were no typical for QCD log-like dependence of the
asymptotics 1/|~q |3. It does not affect our estimates since we evaluate the operators
in the effective theory where the high-momentum component of the hadrons is peeled
off.
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Addressing the color-straight operators containing the axial light-quark current
(which does not vanish in B mesons) we note that its matrix elements are generally
described by two formfactors, just as in the well-known case of spin-1
2
fermions.
These are analogues of the axial-charge and weak magnetism terms. Spontaneous
breaking of the chiral symmetry modifies the value of the axial-charge formfactor
from its symmetric limit of 1 at q2 = 0. Nevertheless, for the isovector current,
its conservation ∂µJµ5(x) = 0 in the chiral limit leads to a relation between the
formfactors, so that only one, the axial-charge formfactor is independent, as in
the case of the vector current. At q2 = 0 this relation equates the axial-charge
formfactor to the B∗Bπ coupling g (the heavy-quark analogue of the Goldberger-
Treiman relation). Given the value of g, therefore, one can evaluate the expectation
value exactly as outlined for the vector currents.
For the isosinglet axial current, one has to take into consideration the anomalous
term, the topological charge density Q:
∂µJ
(0)
µ5 (x) = 2iq¯mˆqγ5q(x) + nfQ(x) , Q(x) =
αs
4π
TrGαβG˜
αβ(x) (43)
with mˆq the light quark mass matrix. The matrix elements of Q over the B meson
states are not known, and the above relation appears to be less constraining. In the
large-Nc limit the difference between singlet and nonsinglet formfactors is expected
to disappear; however, the practical validity of this approximation for the anomalous
term is questionable. These problems are addressed in the next section.
Let us briefly mention the case of the scalar current. Although the corresponding
formfactor is not fixed at q2 = 0, its value for the valence quarks can be obtained
from the SU(3) mass splittings:
1
2MB
〈B+|u¯u(0)|B+〉 ≃ MBs −MB
ms
≃ 0.7 , 1
2MΛb
〈Λb|u¯u(0)|Λb〉 ≃ MΞb −MΛb
ms
≃ 1.4 ,
(44)
This estimate is obtained with the help of the Zweig rule in a similar way as
done in [15] to extract the value of the nucleon σ-term from the SU(3) splittings
in the baryon octet. We neglected here the light quark masses mu,d and took
ms(1GeV) ≃ 130MeV. The mass of the baryon Ξb has not been yet measured;
the above estimate used the prediction MΞb = 5805.7± 8.1 MeV [16]. The normal-
ization point dependence of ms in these relations reproduces the dependence of the
scalar current.
In what follows we will apply the described strategy to evaluation of a few ex-
pectation values of operators with the vector and axial light quark currents. First,
however, we discuss qualitatively the saturation of the integral of the formfactors in
the adopted models.
In the case of the (valence) vector current we have F (0) = 1. It is natural to
think also that |F (q2)| < 1 at spacelike q. Let us further assume that F (q2) is small
enough above a certain scale µ, so that we can neglect it there:
F (q2) ≃ 0 at − q2 > µ2 . (45)
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Then we get an upper bound
∣∣∣∣ 12MB 〈Hb|b¯γµb q¯γµq|Hb〉
∣∣∣∣ < µ
3
6π2
= 0.017 GeV3 (46)
for µ = 1 GeV. This bound is of the type discussed in [3]; the numerical coefficient
coincides with the one given there.
Are assumptions like Eq. (45) reasonable? In the effective theory with the nor-
malization point µ the momenta of fields exceeding µ are absent, whether or not
the full theory yields a logarithmic ‘tail’ at large momenta. For example, it is not
possible to exchange a gluon with momentum |~q | > µ in such a theory. The exact
shape of the formfactor would depend on the concrete realization of the effective
theory. The amplitude may not vanish exactly due to multiple gluon exchanges
with |~q | < µ, however would then decrease exponentially.
On the other hand, a step-like formfactor saturating the bound (46) is clearly
unrealistic. Therefore, we can assume instead that
|F (q2)| < e −~q 2/µ2 , (47)
which results in
∣∣∣∣ 12MB 〈Hb|b¯γµb q¯γµq|Hb〉
∣∣∣∣ < µ
3
8π3/2
= 0.022 GeV3 (48)
with the same value for µ as in (46). As a matter of fact, an exponential ansatz
e −~q
2/µ2 for the formfactor with µ2 adjusted to reproduce the ‘charge’ radius, is a
reasonable model for the possible behavior of the valence formfactor of purely soft
degrees of freedom. In particular, if we adopt the slope at q2 = 0 following from
the pole model keeping only the two lowest states with masses M1 and M2 (this
is a good approximation in known cases) and use the exponential formfactor, the
resulting integrals appear noticeably smaller than in the two-pole ansatz itself:
1
2MB
〈Hb|b¯γµb q¯γµq|Hb〉 = F (0) 1
8π3/2
(
M21M
2
2
M21 +M
2
2
)3/2
, (49)
µ2 =
M21M
2
2
M21 +M
2
2
.
The above discussed bounds rely on the assumption that |F (q2)| < 1 . It always
holds in nonrelativistic QM, however we do not know a general rigorous proof in
QCD. For the isovector current one can employ the equal-time commutation relation
(Jaµ can be both the vector V
a
µ = q¯γµ
1
2
τaq or the axial current Aaµ = q¯γµγ5
1
2
τaq)
[
J+0 (~x ), J
−
0 (~y )
]
= δ3(~x− ~y) 2V 30 (~x ) (50)
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to represent 1−|F (q2)|2 at q2 < 0 as a difference of two sums of the distinct transition
probabilities:
|F (~q 2)|2 = 1 −
(∑
n
|F+n |2 −
∑
m
|F−m |2
)
. (51)
Here |F+n |2, |F−m |2 schematically denote the transition probabilities in, say, B− meson
induced by the currents u¯γ0d and d¯γ0u with the momentum transfer ~q, respectively
(and similarly for Λb). In the second sum only the states with I =
3
2
contribute.
Since there are no valence d¯ quarks in B−, in the large-Nc limit the last term with
the wrong sign would vanish. Also, in this limit the isoscalar meson formfactor
is expected to coincide with the isovector one. Therefore, the large-Nc arguments
allow to establish such a QM bound for all formfactors of interest.
There is no natural normalization for the axial (pseudoscalar) formfactors at
small momentum. Moreover, the amplitudes generally have an enhancement due
to the pion pole. However, the domain ~q 2 ∼ m2π yields a very small contribution
to the integral (see, e.g., Eq. (46)). The significant contribution can originate only
from momenta ∼> 1GeV where one expects the effects of chiral symmetry breaking
to become insignificant. As noted above, the equal-time commutation relation (50)
can be used to derive a sum rule of the type (51) also for the matrix elements of the
axial isovector current. Its explicit form is similar to (51) and reads
|G1(~q 2)|2 = 1 −
(∑
n
|G+n |2 −
∑
m
|G−m|2
)
(52)
with G1(q
2) defined below in (68) and |G+n |2, |G−m|2 are the analogues of the Fn
amplitudes for transitions induced by the axial current acting on a B meson. At q2 =
0 this sum rule is just the familiar Adler-Weisberger sum rule and the amplitudes Gn
are related to pion couplings between the ground and excited states. The explicit
form of these sum rules for heavy mesons and baryons can be found in [14, 17].
Therefore, we expect the type of bounds (46,48) to hold also for the axial current
expectation values as well.
4 Numerical estimates
In this section we estimate the expectation values of the color-straight four-fermion
operators relevant for the lifetimes of beauty hadrons. The light quark fields are left-
handed; the Penguin diagrams bring in the right-handed fields as well. Nevertheless,
the chiral structure of the currents admits only the vector or axial light quark cur-
rents. Since the coefficient functions can include the momentum of the decaying b
hadron (its velocity), the timelike and spacelike components enter, in general, with
different weights; the three-dimensional rotation invariance is still preserved. Fi-
nally, since the forward matrix elements are considered, only the parity-conserving
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(three-dimensional) scalar expectation values survive. Therefore, we need to con-
sider the operators
OV = (b¯b)(q¯γ0q) = (b¯γµb)(q¯γµq) , OA = −(b¯~σb)(q¯~γγ5q) = (b¯γµγ5b)(q¯γµγ5q) .
(53)
As was mentioned, the expectation value of the operator OA in Λb vanishes.
4.1 Vector current
We first consider the case of B mesons. Assuming only isospin symmetry, we define
the isovector and isoscalar four-quark matrix elements by
1
2MB
〈Bi|b¯γµb q¯τaγµq|Bj〉 = V3 τaij
1
2MB
〈Bi|b¯γµb
∑
q=u,d
q¯γµq|Bj〉 = V1 δij (54)
The indices i, j label the respective state in the isospin doublet i = (d¯,−u¯). Accord-
ingly, we introduce the isospin-triplet and singlet vector formfactors
1
2MB
〈Bi(~q)|q¯τaγµq|Bj(0)〉 = vµF3(q2) τaij
1
2MB
〈Bi(~q)|
∑
q=u,d
q¯γµq|Bj(0)〉 = −vµ F1(q2) δij , (55)
with the normalization conditions F1(0) = F3(0) = 1 . Using the two-pole ansatz
saturated by ρ(770) and ρ(1450) for the nonsinglet current F3 , we get from Eqs. (40-
42)
V3 ≃ 1
4π
M21M
2
2
M1 +M2
≃ 0.045GeV3 . (56)
It is natural to saturate the I = 0 formfactor F1 by the states ω(782) and ω(1420).
It then leads to almost the same numerical estimate for V1 as for V3. The reason
is obviously an almost exact degeneracy of the vector states in the isovector and
isosinglet channels. Although it perfectly fits the large-Nc picture, we cannot be
sure what is the actual accuracy of such a conclusion. Nevertheless, in view of
such a suppression of the difference, we will take the two different combinations
of the expectation values which actually parametrize the valence and non-valence
contributions:
V1 − V3
2
=
1
2MB
〈B−|b¯γµb u¯γµu|B−〉 ≃ −0.044GeV3 (57)
V1 + V3
2
=
1
2MB
〈B−|b¯γµb d¯γµd|B−〉 ≃ O
(
10−4GeV3
)
.
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The last number, clearly, is at best an order of magnitude estimate.
We can try to estimate the violation of the SU(3) flavor symmetry considering
the expectation value of b¯γµb s¯γµs in Bs mesons. For this we saturate the formfactor
with the vector s¯s states φ(1020) and φ(1680), which corresponds to the “ideal”
mixing in the ω − φ system [18]. In this case we would get
1
2MB
〈Bs|b¯γµb s¯γµs|Bs〉 ≃ −0.085GeV3 , (58)
i.e. almost twice larger than the first estimate (57).
A closer look reveals, however, that the above expectation values are saturated
at rather high momenta. Half of the ‘valence’ value comes from |~q | > 1.5GeV, and
from even higher momenta in Bs. For this reason these estimates exceed the bounds
(46), (48) discussed in the previous section, for a reasonable scale µ ≃ 1GeV. For
example, adopting the exponential ansatz for the formfactor, we would get
1
2MB
〈B−|b¯γµb u¯γµu|B−〉 ≃ −0.007GeV3
1
2MB
〈Bs|b¯γµb s¯γµs|Bs〉 ≃ −0.015GeV3 . (59)
A somewhat unexpected result of these simple estimates is the apparently large
amount of SU(3) breaking in Eqs. (57,58). While it is not clear to what extent this
is an artifact of our use of the simple two-pole ansatz for the formfactors over a wide
domain of q2, it is worth noting that a simple mechanism exists which could account
for it. It is well-known that the isovector charge radius of a hadron diverges in the
chiral limit [19]. This indicates that the contribution of the low-momentum region
in the integral over the formfactor (38) is more suppressed in nonstrange B mesons
compared to the Bs case. Since the two-pole model does not capture the origin of
this phenomenon (the contribution of the two-body ππ intermediate state in the
t-channel), it is conceivable that the magnitude of SU(3) violation in the matrix
elements does exceed a few percent.
It is interesting to compare the above estimates with the evaluation based on
vacuum factorization. Both types of estimates have the same O (N0c ) scaling in Nc.
However, the vacuum contribution for the color-straight operators is O (N0c ), similar
to other meson states. This is in contrast to the case of the t-channel octet operators
where the vacuum state is Nc-enhanced. Therefore, the factorization estimate is not
expected to give an accurate result. For the valence expectation value one has
1
2MB
〈B−|b¯γµb u¯γµu|B−〉factor = − 1
4Nc
f˜ 2B(µ)MB (60)
(the non-valence value vanishes). Here f˜B denotes the annihilation constant of B for
the b¯γαγ5u current normalized at a low point µ where factorization must be applied
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[7, 8], in contrast to the physical fB defined for the current normalized at µ≫ mb:
f˜B(µ) ≃ fB
[
αs(µ)
αs(mb)
]− 2
β0
. (61)
The physical value of fB lies, probably, around 160MeV. However, to the leading
order in 1/mb we work in, it is more consistent to use the asymptotic value which
differs from the physical one by 1/mb and non-logarithmic perturbative corrections.
These decrease the physical value of fB by about 20% [20]. Therefore, we adopt
f˜B = 160MeV for αs(µ) = 1, yielding
1
2MB
〈B−|b¯γµb u¯γµu|B−〉factor ≃ −0.011GeV3 , (62)
which is significantly lower than Eq. (57).
The fact that the corrections to factorization can be significant, is expected.
Unfortunately, there are good reasons to question the accuracy of the alternative
estimate (57) either, and a too large SU(3) breaking is another indication. We think
that it is justified to consider the estimate (57) for the valence expectation value
rather as an upper bound, while the number obtained in the exponential ansatz a
reasonable lower bound. A conservative estimate then is
1
2MB
〈B−|b¯γµb u¯γµu|B−〉 = −(0.025± 0.015)GeV3
1
2MB
〈B−|b¯γµb d¯γµd|B−〉 ≈ O
(
5 · 10−4GeV3
)
. (63)
Similar estimates can be adopted for strange quarks in Bs.
Next we turn to baryons. Under the light flavor SU(3) group the Λb and Ξb states
transform as an antitriplet Ti = (Ξ
d
b ,−Ξub ,Λb). In the limit of SU(3) symmetry there
are only two independent formfactors, which can be defined as
1
2MΛb
〈Ti(~q )|q¯λaγµq|Tj(0)〉 = vµFΛ8 (q2) λaji u¯(v, s′)u(v, s)
1
2MΛb
〈Ti(~q )|
∑
q=u,d,s
q¯γµq|Tj(0)〉 = vµFΛ1 (q2) δij u¯(v, s′)u(v, s) . (64)
The normalization at q2 = 0 is FΛ1 (0) = 2, FΛ8 (0) = −1. Using a similar model
for the formfactors as in the meson case we get the same expectation values (up
to the sign) for the valence matrix elements, and strongly suppressed non-valence
contributions. For example, the two-pole model yields the following value for the Λb
matrix elements
1
2MΛb
〈Λb|b¯γµb u¯γµu|Λb〉 = 1
2MΛb
〈Λb|b¯γµb d¯γµd|Λb〉 ≃
{
0.007GeV3 (exponential)
0.045GeV3 (two-pole)
(65)
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For the same reasons as before it is natural to consider the two-pole value as an
upper bound. The expectation values of the non-strange operators in the Ξb states
emerge the same as in (65), whereas 〈Ξb|b¯γµb s¯γµs|Ξb〉 again literally appears twice
larger than in the SU(3) limit. As discussed in the B meson case, such a large
symmetry violation can be suspected to be, at least partially, an artifact of the
two-pole model.
It is worth noting that in the case of heavy baryons the light quark formfactors
have anomalous Landau thresholds associated with the NN¯B triangle diagrams. It
is well known that it is such singularities that determine the low-momentum behavior
of the formfactors and, in particular, the large charge radius of weakly-bound states
like deuteron [21]. For the Λb formfactor the anomalous singularity starts at
tthr = 4M
2
N
(
1− (M
2
Λb
−M2N −M2B)2
4M2BM
2
N
)
= 3.2GeV2 . (66)
In this system, however, the corresponding mass still lies higher than the states we
use to saturate the formfactors. Moreover, there is no reason to expect the residues
to be significant (for example, they are 1/Nc suppressed). Therefore, we believe that
these singularities do not play a role in the expectation values we study. In any case,
a refined estimate will be possible with a better knowledge of the formfactors, say
using determination of its slope based on the application of the Cabibbo-Radicati
sum rule to the radiative decays of excited baryons.
4.2 Operators with axial current
The expectation value of the operators b¯γµγ5b q¯γµγ5q vanishes in the Λb baryon
family, and we consider it only for B mesons employing the relation Eq. (22). In
this case
(~Sb~ǫ ) |B(~q )〉 = |B∗(~q,~ǫ )〉 , ~Sb =
∫
d3x b¯~γγ5b(x) . (67)
Since the light degrees of freedom carry spin 1
2
, the axial current is parametrized by
two formfactors; the third possible structure has wrong T parity and vanishes. This
is an exact analogue of the absence of the second-class currents in β-decays of light
baryons. Thus one has
1
2MB
〈B∗i (~q,~ǫ )|
∑
q=u,d,s
q¯γµγ5q(0)|Bj(0)〉 =
{
ǫ∗µG
(0)
1 (q
2)− (ǫ∗q)qµG(0)0 (q2)
}
δij ,
1
2MB
〈B∗i (~q,~ǫ )|q¯λaγµγ5q(0)|Bj(0)〉 =
{
ǫ∗µG1(q
2)− (ǫ∗q)qµG0(q2)
}
λaji . (68)
Absence of the structure (ǫ∗q)vµ is easy to show explicitly (note that in any case the
timelike component of the axial current does not enter the four-fermion operators).
Using Eq. (67) and the fact that ~Sb commutes with all light-quark field operators,
we get an equality
〈B∗(~q,~ǫ )|Jµ5(0)|B(0)〉∗ = 〈B(~0)|Jµ5(0)|B∗(~q,~ǫ )〉 = 〈B∗(~0, ~ǫ∗)|Jµ5(0)|B(~q )〉 .
22
Inserting here the formfactor decompositions (68) for these matrix elements and
taking into account the fact that Gi are real from T invariance, one finds that the
structure (ǫq)vµ appears with opposite signs on the two sides of the equality. Hence
its coefficient must vanish.
We thus get
1
2MB
〈B−|b¯γµγ5b (u¯γµγ5u− d¯γµγ5d)|B−〉 = − 1
4π2
∫ ∞
0
dt
√
t (3G1(−t) + tG0(−t))
(69)
and a similar expression for the singlet matrix elements.
In the chiral limit, which will be assumed in what follows, the isovector formfactor
G1 at q
2 = 0 is related to the BB∗π coupling:
G1(0) = g . (70)
The nonrelativistic quark model predicts g = −0.75. However, the QCD sum rules
estimates yield lower values [22, 23, 24, 25]. The recent analyses predict g = −0.3
[23, 24] which is consistent with the existing experimental bounds g2 = 0.09 − 0.5
[26]. Moreover, the equation of motion ∂µJµ5 = 0 leads to q
2G0(q
2) = G1(q
2) at all
q2, therefore for the nonsinglet expectation value Eq. (69) takes the form
1
2MB
〈B−|b¯γµγ5b (u¯γµγ5u− d¯γµγ5d)|B−〉 = − 1
2π2
∫ ∞
0
dt
√
tG1(−t) . (71)
The only nonvanishing contribution to G0 from the pseudoscalar states in the
isovector channel comes from the massless pion. The JPC = 1++ states contribute
to both G1 and G0:
G1(t) =
∑
n
gnM
2
n
M2n − t
G0(t) = − g
m2π − t
+
∑
n
gn
M2n − t
(72)
with the condition
∑
n gn = g replacing the zero-transfer normalization of the vector
formfactor. A faster than 1/q2 fall-off of the transition amplitude requires addition-
ally ∑
n
gnM
2
n = 0 , (73)
which is analogous to the second constraint in Eq. (42) for the vector current.
In the numerical estimates for the isotriplet current we will consider both a
two-pole ansatz for G1(q
2) and the exponential ansatz
G1(q
2) = ge −~q
2/µ2 , G0(q
2) = g
e −~q
2/µ2
q2
with µ2 =
M21M
2
2
M21 +M
2
2
. (74)
Such a choice of µ ensures that the two ansa¨tze have the same behavior at small q2.
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In the I, JPC = 1, 1++ channel only the lowest-lying state a1(1260) has been
observed. For the numerical estimates we will need also the mass of its first radial
excitation a′1. This has been extracted in [27] from an analysis of the Weinberg sum
rules. The value obtained in [27] for the mass of the a′1 resonance is 1869 MeV,
which is what we will use in our estimates.
First, with the two-pole ansatz we obtain
1
2MB
〈B−|b¯γµγ5b (u¯γµγ5u− d¯γµγ5d)|B−〉 = − g
2π
M21M
2
2
M1 +M2
≃ 0.084GeV3 . (75)
As explained above, we have adopted in this estimate the value g = −0.3 [23, 24].
For the exponential formfactor one obtains a smaller value
1
2MB
〈B−|b¯γµγ5b (u¯γµγ5u−d¯γµγ5d)|B−〉 = − g
4π3/2
(
M21M
2
2
M21 +M
2
2
)3/2
≃ 0.015GeV3 .
(76)
In a completely analogous way one can estimate the matrix element of the I = 0
octet axial current with the flavor content of η. With the mass of the state f1(1285)
close to mass of a1 and assuming a similar degeneracy for the second excitation we
do not get appreciable SU(3) violation and, therefore, obtain for
1
2MB
〈B−|(b¯γµγ5b)(u¯γµγ5u+ d¯γµγ5d− 2s¯γµγ5s)|B−〉
the same value as in Eqs. (76) and (75).
In the case of the singlet axial current we need to account for the presence of the
anomalous term in its divergence,
∂µJ
(0)
µ5 (x) = nf Q(x) , Q(x) =
αs
4π
GG˜(x) .
For simplicity, we will assume the exact SU(3) chiral limit. The value of the isos-
inglet axial formfactor at small q2 is given by the matrix element of the anomalous
divergence Q(x):
1
2MB
〈B∗(ǫ, ~q )|Q(0)|B(0)〉 = i
nf
G
(0)
1 (0)(ǫ
∗q) + O(q2) . (77)
We used here the fact that there are no massless particles in the singlet channel and
consequently G
(0)
0 is finite. The contribution of the pseudoscalar states to the form-
factor G
(0)
0 does not vanish and is determined by their coupling to Q(x), 〈n|Q(0)|0〉.
Similarly, the G
(0)
1 and G
(0)
0 formfactors at arbitrary q
2 are not directly related to
each other, but the difference i(G
(0)
1 −q2G(0)0 ) equals to the matrix element of nfQ(x).
Very little is known directly about these flavor-singlet expectation values or B∗Bη(′)
coupling.
Nevertheless, for estimates one usually employs an approximation in which the
matrix elements of Q(x) are saturated by the η′ pole. Moreover, the couplings of the
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whole nonet of the pseudoscalar mesons π, K, η, η′ are assumed SU(3)-symmetric.
This assumption is incorporated in the simple σ-models proved to be successful
in describing the properties of light hadrons. This model [28, 29] naively has an
U(3)× U(3) chiral symmetry; the U(1) problem is solved by adding the anomalous
term with Q(x) and assuming the nonvanishing (in the quenched approximation,
that is, in QCD without light flavors) value of the zero-momentum correlator of the
topological charge densities Q(x)
λ4 =
∫
d4x 〈0|iT{Q(x)Q(0)}|0〉nf=0 (78)
which leads, basically, to the nonzero anomalous mass of η′ meson m2η′ = λ
4/f 2π .
Adopting such a model, we also have G
(0)
1 (0) ≃ G1(0).
A possible justification for such a picture lies in the large-Nc approximation.
However, in this limit m2η′ ∝ 1/Nc and the anomalous U(1) symmetry effectively
restores, which seems not be close to actual world where the anomalous mass of
η′ is numerically large and the octet-singlet mixing in pseudoscalars is small. It is
probable that there exists a deeper dynamic reason explaining the practical validity
of such approximation.
The model with a single η′ state in the pseudoscalar channel which merely shifts
the pole in the nonsinglet amplitudes from q2 = 0 tom2η′ , while describing reasonably
well the low-q2 matrix elements of the topological charge density, leads to their too
mild suppression at large q2. In reality they are expected to decrease very fast above
a typical momentum scale of the nonperturbative vacuum configurations. In order to
mimic this behavior, we have to employ at least two pseudoscalar states saturating
the correlators of Q, and we take the state η′ with a mass of Mη′ = 1295MeV as
the second pole. One expects an JPC = 0−+ SU(3) singlet in this mass region,
accompanying the observed octet of pseudoscalars containing π(1300), η(1295). In
reality, the wide ‘gluonium’ states can give a significant contribution. Probably, an
exponential ansatz is a better approximation here.
In principle, the spectrum of the axial-vector singlet states has no direct relation
to the anomaly and the U(1) problem. Hence we take for the corresponding masses
the experimental values, namely f1(1285) and its first radial excitation f
′
1, neglecting
their mixing with the octet states. f1(1285) lies close to the isotriplet state a1(1260),
indicating smallness of the annihilation effects. Therefore we will take for the mass
of the first radial excitation Mf ′1 = Ma′1 ≃ 1870MeV in the numerical estimates
below. In the two-pole model we have
G
(0)
1 (q
2) = G
(0)
1 (0)
M2f1M
2
f ′1
(M2f1 − q2)(M2f ′1 − q2)
G
(0)
1 (q
2)− q2G(0)0 (q2) = G(0)1 (0)
M2η′M
2
η′(1295)
(M2η′ − q2)(M2η′(1295) − q2)
. (79)
The last equation replaces the second of Eqs. (72).
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As a result, the difference in the estimates compared to the isotriplet current lies
basically in the anomalous term, and is not too significant. Numerically, we get for
the two-pole ansatz
1
2MB
〈B−|b¯γµγ5b
∑
q=u,d,s
q¯γµγ5q|B−〉 = −G
(0)
1 (0)
2π

 M2f1M2f ′1
Mf1 +Mf ′1
+
1
2
M2η′M
2
η′(1295)
Mη′ +Mη′(1295)


≃ −(0.29 + 0.054)G(0)1 (0)GeV3 = 0.1GeV3 at G(0)1 (0) = −0.3 . (80)
In the numerical estimate we used the equality G
(0)
1 (0) = G1(0) = g which holds in
the large-Nc limit, as discussed above.
We present also a calculation of the matrix element (80) employing the exponen-
tial ansatz. This is constructed in the same way as for the axial charge formfactor.
For the topological charge formfactor we use an exponential normalized at q2 = 0 by
the same value G
(0)
1 (0) and vary the slope parameter µ
2
Q from µ
2
Q = m
2
η′ = 0.92GeV
2
(corresponding to the pole dominance by η′ alone) to 0.59GeV2 (corresponding to
the two-pole model, see Eq. (49)). This yields the following numerical estimate:
1
2MB
〈B−|b¯γµγ5b
∑
q=u,d,s
q¯γµγ5q|B−〉 ≃ −G
(0)
1 (0)
4π3/2



 M2f1M2f ′1
M2f1 +M
2
f ′1


3
2
+
1
2
µ3Q


≃ −(0.053 + (0.010 to 0.020))G(0)1 (0)GeV3 ≃ (0.02 to 0.023)GeV3 (81)
with the same value for G
(0)
1 (0) as before. One could try to estimate the effects
of SU(3) breaking by accounting for the known shifts in masses and mixing. We
think, however, that such models are too crude to capture correctly details of SU(3)
violation, and we do not attempt it here.
Combining the above results for the octet and singlet expectation values, we get
the following estimates for the valence and non-valence axial expectation values:
1
2MB
〈B−|b¯γµγ5b u¯γµγ5u|B−〉 ≃ 0.018GeV3 (82)
0.09GeV3
1
2MB
〈B−|b¯γµγ5b d¯γµγ5d|B−〉 ≃ 0.002GeV3 (83)
0.007GeV3
where the upper (lower) value corresponds to the exponential (two-pole) formfactor
model.
We note that the effect of the axial anomaly can be numerically important,
although it is formally of order 1/Nc. In the approximations considered here, it
makes a contribution of about 15% of the total singlet expectation values (80) and
(81), respectively, and it can dominate the non-valence matrix elements.
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Finally, we quote also the factorization approximation estimate for the valence
expectation value of the axial current. We obtain
1
2MB
〈B−|b¯γµγ5b u¯γµγ5u|B−〉factor = 3
4Nc
f˜ 2B(µ)MB ≃ 0.034GeV3 . (84)
Just as for the color-straight operators containing the vector current, we do not
expect the factorization approximation to be accurate. However, it is interesting
that the factorization value for the axial operators is less suppressed compared to
the case of the vector current, and appears to be closer to the estimates given above.
4.3 Estimates from the fourth sum rule
One of the color-octet operators, the flavor-singlet vector four-fermion operator can
be estimated in an alternative way. This operator O˜D
O˜D =
∑
q=u,d,s
(b¯γµt
ab)(q¯γµt
aq) (85)
is the QCD generalization of the Darwin term in atomic physics [31, 5, 32]:
1
2MHb
〈Hb|2παsO˜D|Hb〉 = − 1
2MHb
〈Hb|OD|Hb〉 = −
(
ρ3D
)
Hb
. (86)
On the other hand, it determines the third moment of the small velocity (SV) struc-
ture function, the so-called fourth sum rule, and is related to quantities measurable
in the semileptonic decays. For example, in B mesons this sum rule in the resonant
approximation takes the form [32]
1
3
ρ3D = E
3
1/2|τ1/2|2 + 2E33/2|τ3/2|2 + · · · , (87)
where τj are so-called “oscillator strengths” which determine the small velocity tran-
sition amplitudes into the excited p-wave states with spin of light degrees of freedom
j. The excitation energies of these states with respect to the ground state s-wave
mesons are denoted with Ej (for a recent discussion see review [33]).
It should be noted that the literal application of the fourth sum rule requires
specific regularization scheme for the operators. In view of the tentative nature
of our estimates we neglect these subtleties here. Some of them were discussed in
[5] and more recently in [34] and [35]. We only mention that the large negative
logarithmic anomalous dimension of the Darwin operator [1]
(αsO˜D)µ′ ≃
(
αs(µ
′)
αs(µ)
)13/(2β0)
(αsO˜D)µ , β0 =
11
3
Nc − 2
3
nf (88)
to a large extent offsets the apparent scale dependence in evaluation of 〈O˜D〉 via ρ3D
due to the µ-dependence of αs (or, similarly, the scale dependence of the factorization
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estimate of ρ3D in B mesons). According to the standard practice we use for our
estimates the scale corresponding to αs(µ) = 1.
The recent discussion of the status of the sum rule evaluation of ρ3D in B mesons
can be found in the review [33], Sect. 4. The corresponding value is in a reasonable
agreement with the factorization estimates (see Appendix 3, Eq. (A3.7)).
Since the straightforward factorization cannot be used for baryons, we will apply
the fourth sum rule to evaluate the operator O˜D in Λb. The fourth sum rule for it
takes the form
1
2MΛb
〈Λb|2παsO˜D|Λb〉 = −3
∑
n
E3n|σ(n)|2 . (89)
The states appearing in the r.h.s. are orbital excitations of the Λb baryon with
quantum numbers of the light degrees of freedom sπℓℓ = 1
−. Their excitation energies
are En and σ
(n) are the corresponding oscillator strengths describing semileptonic
decays of Λb to the analogous excitations of the Λc baryon; they are defined as in
[36].
The first excited states appearing in this sum rule have been identified as the
doublet of negative-parity baryons Λ+c1(2593) and Λ
+
c1
(2625). Unfortunately no ex-
perimental information is available to date on the transition amplitude σ(1) governing
the decays of Λb into both of them, although it will be ultimately measured.
The important piece of information would be the slope ρ2Λb of the elastic IW
function in Λb. This quantity is more accessible than σ
(1) and will be measured in
the near future at LEP. In the absence of the data we can use the second sum rule
(Voloshin’s “optical” sum rule) [37] for Λ¯Λb = MΛb −mb ≃MΛc −mc. As discussed
in [33] (for earlier application see also [32, 38]), we can estimate ρ3D using just the
excitation energy of the first states. We simply take MΛ∗c ≃ 2.615GeV and the
first excitation energy ∆1 ≃ 330MeV. Assuming Λ¯B ≃ 600MeV and, therefore,
Λ¯Λb ≃ 900MeV, we then have(
ρ3D
)
Λb
≈ 3
2
∆21Λ¯Λb ≈ 0.15GeV3 . (90)
(A similar estimate (µ2π)Λb ≃ 32 ∆1Λ¯Λb ≃ 0.45GeV2 agrees well with the mass rela-
tions [39, 12] for charm and beauty in the meson and baryon sectors). We note in
passing that, most probably, the large mass of the heavy baryon implying larger Λ¯
compared to B meson is due to larger slope ρ2Λb; the higher-dimension operators,
therefore, can be even smaller than in mesons.
The sum of the expectation values for all three light flavors 2λ′+λ′s is related to
the expectation value of the Darwin operator [31]:
2λ′ + λ′s =
3
4παs
(
ρ3D
)
Λb
.
Hence, we estimate the SU(3)-singlet color-octet expectation value in Λb as
λ′u+d+s ≈
3
4π
(
ρ3D
)
Λb
≈ 0.036GeV3 (91)
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with uncertainty about 30–40%. The estimate of λ′u can be obtained if we neglect
the small contribution of the non-valence strange quarks:
λ′u = λ
′
d ≃
3
8π
(
ρ3D
)
Λb
≃ 0.018GeV3 . (92)
We note that we get a reasonable agreement with the quark model relation λ′ ≈ λ
between the straight and octet expectation values in Λb for our central estimates,
Eq. (65). It is interesting that the corresponding value of the diquark density at
origin appears close to our central estimate for mesons −ωV (but larger than the
alternative analogue of |Ψ(0)|2 in mesons f˜ 2BMB/12). It also exceeds the estimates
obtained in the QCD sum rules [40] or quoted from bag models [41]; these analyses
determined the combination 4
3
λ′ − 1
3
λ which generally emerged in the ball park of
0.004GeV3.
5 Nonfactorizable pieces in the matrix elements
of the four-quark operators
As was mentioned earlier, there are four operators (for a given light quark flavor)
determining the corrections to the mesons widths. These are color-straight O and
color-octet T . Each of these can contain either timelike (vector OV , TV ) or spacelike
(axial OA, TA) components of light and heavy quark currents.
The color-octet expectation values τ in general can be estimated using vacuum
factorization, since the operators T coincide with the operators colorless in the s-
channel up to 1/Nc terms (see Eq. (33)). For such operators vacuum factorization
is expected to work up to 1/Nc corrections. This gives
τV = − f˜
2
B(µ)MB
8
(
1− 1
N2c
)
≃ −0.015GeV3 (93)
τA =
3f˜ 2B(µ)MB
8
(
1− 1
N2c
)
≃ 0.045GeV3 . (94)
It is interesting to note that the leading 1/Nc corrections to the factorization
approximation can be estimated in a phenomenological approach. For this the ex-
pectation value of the color singlet Osingl in (33) is written as
〈Hb|(b¯Γq)(q¯Γb)|Hb〉 = 〈Hb|b¯Γq|0〉〈0|q¯Γb|Hb〉+
∑
n
〈Hb|b¯Γq|n〉〈n|q¯Γb|Hb〉 . (95)
The leading corrections to the vacuum factorization approximation are of order 1
and come from one-particle intermediate states like π (η, η′), ρ (ω), a1 for B mesons,
or light baryons for Λb. The corresponding transition amplitudes have been evalu-
ated in the QCD sum rules [44] and lattice simulations with an accuracy sufficient
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for determining the scale of the effects. Alternatively, they can be approximately
obtained from the corresponding decays of charmed particles.
Large-Nc arguments per se do not ensure that the vacuum factorization approx-
imation works in the case of the color-straight operators, for the nonfactorizable
contribution appears at the same order in Nc as the factorizable one. Their Wilson
coefficients are not suppressed compared to those of the color-octet operators T (see
Table 1), and they can be important even if their expectation values are formally
subleading in 1/Nc. Moreover, the factorizable part of the expectation values has
only a specific Lorentz structure which is subject to the strong chirality suppres-
sion ∼ m2c/m2b in the effects of weak annihilation (WA) in mesons. Nonfactorizable
contributions there can be dominant [11, 12].
Nonfactorizable effects also appear as the expectation values of the non-constituent
quark operators. Although they do not split the widths of B± and B0, they can
differentiate the meson vs. baryon lifetimes. Numerically they seem to be strongly
suppressed, with a possible exception of the Darwin operator which will be discussed
below.
The nonfactorizable effects in B mesons were first discussed in the framework of
the 1/m expansion in [11] where the parametrization
1
2MB
〈B|b¯γµ(1− γ5)qq¯γν(1− γ5)b|B〉 = f˜
2
BMB
2
(vsvµvν − gsgµν) (96)
1
2MB
〈B|b¯γµ(1− γ5)taqq¯γν(1− γ5)tab|B〉 = f˜
2
BMB
2
(vovµvν − gogµν) (97)
was suggested motivated by the analysis of the WA effects: neglecting the c quark
mass WA is governed by go and gs. (In the factorization approximation vs = 1 and
vo = go = gs = 0.) These parameters are related to ω, τ in the following way:
f˜ 2BMB vs = −
2
Nc
ωV +
2
3Nc
ωA − 4τV + 4
3
τA (98)
f˜ 2BMB gs = −
1
Nc
ωV − 1
3Nc
ωA − 2τV − 2
3
τA (99)
f˜ 2BMB vo = −
(
1− 1
N2c
)
ωV +
1
3
(
1− 1
N2c
)
ωA +
2
Nc
τV − 2
3Nc
τA (100)
f˜ 2BMB go = −
1
2
(
1− 1
N2c
)
ωV − 1
6
(
1− 1
N2c
)
ωA +
1
Nc
τV +
1
3Nc
τA . (101)
The inverse relations expressing ω and τ via v and g are given in Appendix 3.
The color counting rules suggest that τV,A ∼ Nc while ωV,A ∼ N0c . The factor-
ization estimates for τV,A in the large-Nc limit are expected to hold with the 1/Nc
accuracy. Therefore, knowledge of the color-straight operators allows to estimate
the leading, 1/Nc terms in vo and go:
vo ≃ −3ωV − ωA
3f˜ 2BMB
− 1
2Nc
(valence) (102)
go ≃ −3ωV + ωA
6f˜ 2BMB
. (103)
(The term −1/(2Nc) is absent for non-valence expectation values.)
Since the non-valence expectation values appear to be suppressed, we only con-
sider the valence matrix elements generically denoted by the superscript (v). Let
us consider for definiteness the charged B meson; the corresponding parameters are
then defined by Eqs. (96),(97) with q = u. Although ωV and ωA are not precisely
evaluated, we still observe a clear tendency to cancellations in go and, therefore,
suppression of the effects of WA. Say, for the exponential ansatz we get
v(v)o ≈ −0.07 , g(v)o ≈ 0.004 . (104)
For the two-pole ansatz representing the upper limit in our estimates, we get
v(v)o ≈ 0.4 , g(v)o ≈ 0.05 . (105)
The nonfactorizable octet parameters seem to emerge suppressed. In particular, the
expectation value of the operator responsible for WA is very small. The color-singlet
expectation value gs was not estimated in the literature. It is natural to think [12]
that the scale of gs does not exceed that of go. The above estimates then illustrate
the degree of suppression of the effects of WA when the c quark mass is neglected.
It is appropriate to note at this point that there is a convincing experimental
evidence that WA is indeed strongly suppressed in heavy mesons. The width dif-
ference between Ds and D
0 is very sensitive to WA. Even though the literal 1/mc
expansion in charmed particles is hardly applicable at the quantitative level, the
significance of such effects would have led to a large τDs– τD0 difference. Barring
accidental cancellations one gets a typical estimate [12]
|go, gs| ∼< 10−2 .
We note, therefore, that our estimates, whatever tentative they are, indicate a strong
enough suppression. It is interesting that the QCD sum rule estimates of the pa-
rameters g made in 1992 by V. Braun 4 yielded close values, a few units ×10−2.
Later evaluations gave vo ≃ 0.05, go ≃ 0.05 [30], and vo ≃ 0.1, go ≃ 0.03 [42]; they
were simplified in many aspects, though. While the expectation value of vo generally
emerges of the order of 0.05, our estimates for go seem to predict typically somewhat
smaller values ∼ 10−2, in a better agreement with the experimental indications.
The non-valence expectation values are probably even further suppressed. Our
estimates yielded v(nv)o ≈ (0.5 to 2) · 10−2 and g(nv)o ≈ −(0.25 to 1) · 10−2, with the
dominant part coming from the axial current via the anomalous terms.
For baryonic expectation values there is no vacuum factorization approximation.
This does not mean, of course, that they are suppressed. The color-straight ex-
pectation values λ were estimated in the preceding sections to vary from 0.007 to
4Private communication to N. Uraltsev in March 1992. Unpublished.
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0.045GeV3; the interval above 0.03GeV3 seems improbable, though. The estimate
of the color-octet λ′u,d based on the evaluation of the Darwin operator yielded about
0.018GeV3.
A different parametrization of the valence expectation values was used in [43]:
1
2MB
〈B−|(b¯γµ(1− γ5)u)(u¯γµ(1− γ5)b)|B〉 = f˜
2
B(µ)MB
2
B1(µ) (106)
1
2MB
〈B−|(b¯(1− γ5)u)(u¯(1 + γ5)b)|B−〉 = f˜
2
B(µ)MB
2
B2(µ) (107)
1
2MB
〈B−|(b¯γµ(1− γ5)tau)(u¯γµ(1− γ5)tab)|B−〉 = f˜
2
B(µ)MB
2
ε1(µ) (108)
1
2MB
〈B−|(b¯(1− γ5)tau)(u¯(1 + γ5)tab)|B−〉 = f˜
2
B(µ)MB
2
ε2(µ) . (109)
These parameters are related as follows:
f˜ 2BMB B1 = f˜
2
BMB(vs − 4gs) = 4(τV + τA) +
2
Nc
(ωV + ωA) (110)
f˜ 2BMB B2 = f˜
2
BMB(vs − gs) = −2(τV − τA) −
1
Nc
(ωV − ωA) (111)
f˜ 2BMB ε1 = f˜
2
BMB(vo − 4go) = −
2
Nc
(τV + τA) +
(
1− 1
N2c
)
(ωV + ωA) (112)
f˜ 2BMB ε2 = f˜
2
BMB(vo − go) =
1
Nc
(τV − τA) − 1
2
(
1− 1
N2c
)
(ωV − ωA) . (113)
The above estimates for the octet expectation values neglecting 1/N2c terms look for
ε1,2 as
ε1 ≈ −0.085 to 0.17 , ε2 ≈ −0.07 to 0.33 , (114)
while the QCD sum rule calculations read ε1 ≃ −0.15, ε2 ≃ 0 [30] and ε1 ≃ −0.04±
0.02, ε2 ≃ 0.06± 0.03 [42]
For convenience, we give in Table 1 the central estimates of the four-fermion ex-
pectation values discussed above in B mesons (ωV,A, τV,A) and in Λb (λ, λ
′ for a fixed
flavor, u or d). Since the non-valence expectation values are strongly suppressed,
we do not quote them here.
Concluding this section, we note that there are two exact positivity constraints
on the expectation values of the s-channel colorless operators: vs−gs > 1 (vs−gs > 0
for non-valence) and gs > 0.
The first inequality follows from inserting a complete set of intermediate states
|n〉 in the matrix element 〈B|(b¯γ0(1− γ5)q)(q¯γ0(1− γ5)b)|B〉. We obtain
vs − gs = 1 + 1
f˜ 2BM
2
B
∑
n
∫
dµ(n)|〈n|q¯γ0(1− γ5)b|B〉|2 > 1 , (115)
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ωV ωA τV τA λu λ
′
u (ρ
3
D)B (ρ
3
D)Λb
Sects. 4.1-4.2 −0.020 0.045 – – 0.020 – – –
factorization −0.011 0.034 −0.015 0.045 – – 0.10 –
4th sum rule – – −0.028 – – 0.018 0.18 0.15
Table 1: Estimated valence expectation values in B and Λb, in GeV
3; factorized
contributions assume f˜B = 160MeV.
where dµ(n) stands for the phase space. The 1/Nc contributions in the r.h.s. come
when the intermediate states n are π, ρ, a1, etc. For non-valence quarks the vacuum
factorization contribution 1 in the r.h.s. explicitly showing |n〉 = |0〉 vanishes.5 In
terms of the parameters Bi, εi, the constraint (115) reads B2 > 1. Estimates of [42]
give values for Bi compatible with 1.
The second inequality is obtained by taking spacelike µ = ν = i in (96). Sum-
ming over i yields
gs =
1
3f˜ 2BM
2
B
∑
n
∫
dµ(n)
∑
i
|〈n|q¯γi(1− γ5)b|B〉|2 > 0 . (116)
(For the B parameters this is B2 > B1.)
A similar inequality can be obtained for the baryonic matrix elements:
λ′ − 1
4
λ =
3
4MΛb
∑
n
∫
dµ(n)|〈n|q¯(1 + γ5)b)|Λb〉|2 > 0 , (117)
where we used the identity
〈Λb|(b¯(1− γ5)q)(q¯(1 + γ5)b)|Λb〉 = − 1
2Nc
〈Λb|OV |Λb〉 − 〈Λb|TV |Λb〉 . (118)
In the constituent quark model the bounds for B mesons become equalities; the
relation Eq. (117) merely expresses the fact that the diquark wavefunction at origin
is positive. It does not seem to be very restrictive for our estimates. There is an
additional constraint on the expectation values of the operators with chirality flip
for light quarks, however we are not interested in them. The above bounds can
be refined and even the actual approximate estimates can be obtained evaluating
the contributions of a few lowest intermediate states in the hadronic saturation
Eqs. (115)-(117).
5These inequalities assume a physical regularization scheme for composite operators in which,
for example, there is a power mixing of the four-fermion operators with the unit one, b¯b(0). For a
recent discussion see, e.g. [33, 35].
33
6 Corrections to the decay widths
In this section we give the expressions for the corrections to the widths in terms of the
effective four-fermion operators normalized at a low scale. These expressions were
originally derived in [1]. We present them here for completeness and book-keeping
purposes, in a more convenient form.
Let us introduce the notation ∆Γˆ for the operator describing the corrections to
the inclusive width ∆ΓHb of the beauty hadron Hb:
∆Γ =
1
2MHb
〈Hb|∆Γˆ|Hb〉 . (119)
In what follows we neglect the effects generated in the KM suppressed decays which
have a factor |Vub/Vcb|2, and by Penguin operators in Hweak(∆B = 1) at the scale
mb.
Without accounting for the perturbative QCD effects in the domain k ≪ mb one
has
∆Γˆ =
G2Fm
2
b
2π
|Vcb|2(1− y)2
{(
c21 + c
2
2 +
2
Nc
c1c2
)
[OuV +O
u
A] + 4c1c2 [T
u
V + T
u
A]
}
− G
2
Fm
2
b
4π
|Vcb|2(1− y)2
{(
c21 + c
2
2 +
2
Nc
c1c2
)[
(1 + y)Od
′
V +
1
3
(1− y)Od′A
]
+ 2(2c1c2 +Ncc
2
2)
[
(1 + y)T d
′
V +
1
3
(1− y)T d′A
]}
− G
2
Fm
2
b
4π
|Vcb|2
√
1− 4y
{(
c21 + c
2
2 +
2
Nc
c1c2
)[
Os
′
V +
1
3
(1− 4y)Os′A
]
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+ 2(2c1c2 +Ncc
2
2)
[
T s
′
V +
1
3
(1− 4y)T s′A
]}
−
G2Fm
2
b
2π
|Vcb|2
{(
c21 + c
2
2 +
2c1c2
Nc
+
nℓ
2Nc
)[
OcV +
OcA
3
]
+ 2(2c1c2 +Ncc
2
1 +
nℓ
2
)
[
T cV +
T cA
3
]}
.
We denoted here y = m2c/m
2
b and d
′ = d cos θc+ s sin θc, s
′ = s cos θc− d sin θc. The
mc-dependence for the operators with external c quark legs is completely neglected.
(Eventually they will lead only to Penguin-type operators which are estimated, ba-
sically, in the leading-log approximation.) We included the contribution from the
semileptonic decays with nℓ = 2 species of light leptons (the τ contribution is sup-
pressed by the phase space). Since numerically m2c/m
2
b ≈ µhad/mb, keeping m2c/m2b
corrections apparently is not legitimate in practice at all. We retain these terms
only for getting an idea of the scale of the finite-mc corrections in the coefficient
functions.
The perturbative evolution below mb in the LLA is particularly simple in this
basis: the color-straight operators O do not renormalize. The color-octet operators
T renormalize in a universal way with γT = 3Nc, except for the flavor singlet vector-
like operator similar to O˜D which has anomalous dimension γD˜ = 3Nc − 43nf where
nf is the number of open flavors (γD = −133 Nc). At the scale below the charm
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mass the operators with the c-quark fields merely vanish. As a result, at the low
normalization point µ we have
∆Γˆ =
G2Fm
2
b
2π
|Vcb|2 ×
{
(1− y)2
(
c21 + c
2
2 +
2
Nc
c1c2
)[
OuV +O
u
A −
1 + y
2
Od
′
V −
1− y
6
Od
′
A −
√
1− 4y
2(1− y)2O
s′
V −
(1− 4y) 32
6(1− y)2 O
s′
A
]
+ ζ(1 − y)2
[
4c1c2 (T
u
V + T
u
A)− (2c1c2 +Ncc22) ·
(
(1 + y)T d
′
V +
1− y
3
T d
′
A +
√
1− 4y
(1 − y)2 T
s′
V +
(1− 4y) 32
3(1− y)2 T
s′
A
)]
+ 2πcD
OD
2π
}
, (121)
where
ζ =
(
αs(mc)
αs(mb)
) 3Nc
2β0−4/3
(
αs(µ)
αs(mc)
) 3Nc
2β0
, β0 =
11
3
Nc − 2 = 9 . (122)
We wrote the contribution of the Darwin operator separately although it is related
to the sum T uV + T
d
V + T
s
V . In this form cD emerges from the Penguin-type diagrams
while the other terms do not include the annihilation diagrams.
The coefficient cD of the Darwin operator Eq. (86) takes the following LLA form:
cD = − 1
2παs(µ)
ζ
{
(1− y)2
(
η − 1
nf
+
η(ξ − 1)
nf + 1
)
·
[
4c1c2 − (2c1c2 +Ncc22)
(
1 + y +
√
1− 4y
(1− y)2
)]
− 2η(ξ − 1)
nf + 1
[
2c1c2 +Ncc
2
1 +
nℓ
2
] }
,
(123)
where
ξ =
(
αs(mc)
αs(mb)
)− 2(nf+1)
3β0−2
, η =
(
αs(µ)
αs(mc)
)− 2nf
3β0
; nf = 3 . (124)
In principle, there is another source of the Darwin term in the width which comes
from the 1/mb expansion of the expectation value of b¯b and from the non-logarithmic
terms in the expansion of the transition operator. They were calculated for the case
of the semileptonic width in [45] and [46]. We can estimate this correction to the
LLA neglecting the deviation of the color factors c1, c2 from their bare values 1 and
0, respectively, and neglecting the mass of the quarks (leptons) produced by the
virtual W boson. In this approximation the possible effect from the u¯d (c¯s) loop
cancels and we can use the calculations for the semileptonic widths. This yields to
the leading order in αs
δcD ≃ 2Nc + nℓ
576π2
(
77− 88y + 24y2 − 8y3 − 5y4 + 36y2 ln y
)
. (125)
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The overall non-log term in cD appears to be of the opposite sign to the LLA result
and is roughly a half of it in magnitude. We conclude that the LLA estimate is
accurate within a factor of 2 being, probably, on the upper side. We use the LLA
expressions for numerical estimates below.
At the next-to-leading order the ∆B = 1 weak decay Wilson coefficients c1(mb),
c2(mb) are
6
c1 = 1.13 , c2 = −0.29 , (126)
corresponding to αs(MZ) = 0.118. This gives
c21 + c
2
2 +
2
Nc
c1c2 ≃ 1.15 , 2c1c2 +Ncc22 ≃ −0.40 ,
4c1c2 ≃ −1.3 , 2c1c2 +Ncc21 ≃ 3.2 . (127)
With this input the resulting values for the coefficients in ∆Γˆ are given in Table 2.
To illustrate the uncertainty associated with the LLA we quote two sets of values
corresponding to using αs(mb) = 0.3 and to αs(mb) = 0.2 (the former option can
represent the choice of the V -scheme strong coupling in the LLA expressions, which
seems more appropriate to us). The coefficients A and B are defined as
∆Γˆ =
G2Fm
2
b
2π
|Vcb|2
(
AuVO
u
V + A
d
VO
d′
V + A
s
VO
s′
V + A
u
AO
u
A + A
d
AO
d′
A + A
s
AO
s′
A+
BuV T
u
V +B
d
V T
d′
V +B
s
V T
s′
V +B
u
AT
u
A +B
d
AT
d′
A +B
s
AT
s′
A + 2πcD
OD
2π
)
(128)
(i.e. using the ‘redundant’ basis including the Darwin operator to show explicitly
the loop contributions). We also quote the values of B˜uV , B˜
d
V and B˜
s
V given by
B˜uV = B
u
V − 2παscD , B˜dV = BdV − 2παscD , B˜sV = BsV − 2παscD . (129)
The Cabibbo mixing is neglected here.
For numerical estimates we use the values of the running low-scale masses mb ≃
4.6GeV, mc ≃ 1.25GeV and normalize the width correction ∆ΓHb to the semilep-
tonic width which is reliably evaluated in the OPE (for a review, see [33]). The final
estimates for these corrections then read as
∆ΓHb
Γsl
≃ 1
BRsl
∆ΓHb
ΓHb
≃ 0.36
[
AuV
〈OuV 〉
0.02GeV3
+AdV
〈Od′V 〉
0.02GeV3
+AsV
〈Os′V 〉
0.02GeV3
+
AuA
〈OuA〉
0.02GeV3
+AdA
〈Od′A 〉
0.02GeV3
+AsA
〈Os′A 〉
0.02GeV3
+BuV
〈T uV 〉
0.02GeV3
+BdV
〈T d′V 〉
0.02GeV3
+BsV
〈T s′V 〉
0.02GeV3
+ BuA
〈T uA〉
0.02GeV3
+BdA
〈T d′A 〉
0.02GeV3
+BsA
〈T s′A 〉
0.02GeV3
+ 0.8 (2πcD)
ρ3D
0.1GeV3
]
=
6Note that these NLO values of c1,2 are immediately reproduced in the simple LLA if one uses
the more physical V -scheme αs coupling [47].
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αs(mb) A
u
V,A A
d
V A
s
V A
d
A A
s
A B
u
V,A B
d
V B
s
V B
d
A B
s
A
0.3 0.98 −0.53 −0.48 −0.15 −0.11 −2.1 0.70 0.64 0.20 0.15
0.2 0.98 −0.53 −0.48 −0.15 −0.11 −2.6 0.84 0.77 0.24 0.18
αs(mb) 2πcD B˜
u
V B˜
d
V B˜
s
V
0.3 −0.80 −1.3 1.5 1.4
0.2 −0.56 −2.0 1.4 1.3
Table 2: Values of Wilson coefficients for the total width
0.36
[
AuV
〈OuV 〉
.02GeV3
+AdV
〈Od′V 〉
.02GeV3
+AsV
〈Os′V 〉
.02GeV3
+AuA
〈OuV 〉
.02GeV3
+AdA
〈Od′V 〉
.02GeV3
+AsA
〈Os′V 〉
.02GeV3
+B˜uV
〈T uV 〉
.02GeV3
+ B˜dV
〈T d′V 〉
.02GeV3
+ B˜sV
〈T s′V 〉
.02GeV3
+BuA
〈OuV 〉
.02GeV3
+ BdA
〈Od′V 〉
.02GeV3
+BsA
〈Os′V 〉
.02GeV3
]
,
(130)
where 〈OuV 〉 = 12MHb 〈Hb|O
u
V |Hb〉 , etc. We recall that the expectation values in B are
denoted by ω for color-straight operators O and by τ for the octet ones T , Eq. (35);
for Λb these are λ and −23λ′, Eq. (36).
It is interesting to note that, regarding the Nc counting rules one can view the
Wilson coefficients of the color-straight operators to be N0c while the coefficients of
the octet operators as 1/Nc. This is true if we recall that formally c1(mb) = O(1)
while c2(mb) = O(1/Nc). These are not mandatory assumptions for the large-
Nc analysis: smallness of a particular perturbative renormalization can always be
compensated by large logarithms ofMW/mb; in any case the nonleptonic weak decay
coefficients c1,2 are external to QCD itself and can be taken completely arbitrary.
Nevertheless, their numerical values fit well such a naive assignment.
Our procedure of evaluating the 1/m3b corrections to the widths then gets justi-
fication in the formal Nc counting rules: we take at face value the N
0
c color-straight
expectation values appearing with the coefficients ∼ N0c , and take only the leading
factorizable values ∼ Nc for the color-octet operators which come with the sublead-
ing coefficient 1/Nc. This formally sums all leading corrections ∼ N0c in the decay
widths.
7 Discussion
We have considered the expectation values of the four-fermion operators which are
encountered in the 1/mQ expansion of the inclusive widths of beauty hadrons. The
size of the color-straight operators used to be most uncertain in B mesons, since the
factorization approximation a priori is not expected to be accurate for them. On the
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other hand, just these operators have the most direct meaning being analogues of
the usual wavefunction density |Ψ(0)|2. Using the exact relation of their expectation
values to the momentum integral of the elastic transition amplitudes, we estimated
these expectation values employing reasonable assumptions about the behavior of
the formfactors. We showed that the actual large-q2 asymptotics of the light quark
amplitudes in heavy hadrons is 1/(q2)3/2 rather than 1/q4 as has been believed
based on simple-minded quark counting rules. We also calculated the anomalous
dimension of the color-straight operators and their mixing with the octet operators,
the effects absent at order αs. The order-α
2
s corrections appeared to be numerically
enhanced.
In our estimates of the valence expectation values their size obtained from the
two-pole ansatz can be considered as an upper bound. A more reasonable expo-
nential approximation which suppresses the contributions of momenta above 1GeV,
yields smaller results. We accept it as a typical lower bound for the color-straight
expectation values. Although the accuracy of the central estimates cannot be too
good, they probably hold better than within a factor of two.
Our estimates, in principle, include a source for non-valence expectation values.
It is related to a different q2-behavior of formfactors describing different isospin
amplitudes at q2 < 0. We have it mainly as the different masses of the isosinglet
resonances saturating the formfactors in the t-channel, compared to the correspond-
ing flavor nonsinglet particles (i.e., annihilation shift of masses). Except for η′,
experimentally these splittings are rather small, and our literal estimates thus yield
a strong suppression. We are not sure if this really applies to the color-straight
expectation values; the actual suppression can be softer.
We observe a weaker suppression of the non-valence color-straight matrix ele-
ments for the operators with the axial current. It is related to the nonperturbative
‘annihilation’ effect, in particular, the axial anomaly in QCD and its solution of the
U(1) problem. We conjecture that the dominant effect is the mass shift of the lowest
pseudoscalar state η′ while the splitting of the massive resonances (in particular, ax-
ial) or the effect of the possible difference in the singlet and triplet couplings GA(0)
and G
(0)
A (0) is smaller. Then we get a tentative relation
1
2MB
〈B+|b¯γµγ5b d¯γµγ5d+ b¯γµγ5b s¯γµγ5s|B+〉 ≈ −G
(0)
A (0)
8π3/2
M2η′M
2
η′(1295)
Mη′ +Mη′(1295)
. (131)
This estimate has the correct scaling 1/Nc. Numerically, the axial non-valence ex-
pectation values appear to be suppressed by a factor about 0.1. We note that the
numerical suppressions of various non-valence effects typically is stronger than the
naive factor 1/3 which can be expected if their justification is merely the large
Nc = 3.
An interesting indication from our estimates is that the possible nonperturbative
vitiation of the chirality suppression of WA in B mesons emerges at a rather low level
(it is governed by the combinations
(
ωV +
1
3
ωA
)
,
(
τV +
1
3
τA
)
). For the color-straight
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operators (where the effect a priori can be significant), the literal suppression is by
more than an order of magnitude, in accord with the evidences from charmed mesons.
In our approach the origin of the suppression roots to the fact that −GA(0) ∼<
1/3. The WA effect of the octet operators can be probed in the difference of the
semileptonic b→ u distributions in B+ and B0 [11].
The chirality suppression of WA can be eliminated already in the perturbative
evolution of the effective operators. This does not happen in the LLA [48]. Our
NLO calculations show that it does not happen at this level as well. It is interesting
to check this property for the two-loop diagonal renormalization of the color-octet
operators. In any case, we expect it to be lifted in three loops; also, the non-
logarithmic gluon corrections at k ∼ mb defining the initial values of the Wilson
coefficients must generate the chirality non-suppressed effect at some level.
Let us now turn to the phenomenological consequences of our analysis. The
estimated expectation values are typically of the order of, or somewhat larger than
the factorization values (when the latter are possible) at f˜B = 160MeV (the fac-
torization value of ωV is additionally suppressed, and our estimates only partially
reproduce this). The actual expectation values of the color-straight operators can
be smaller if, for example, the formfactors change sign at −q2 ∼< 1GeV2. Such sub-
tleties are not properly captured by the simple models we relied upon. On the other
hand, larger values than quoted in Table 1 are improbable, at least if the nonper-
turbative dynamics we account for are dominated by the momenta not exceeding
1GeV.
The relevance of the latter assumption for the analysis of the inclusive widths is
easy to see, say, on the example of the effect of interference (dominant in B mesons).
The decay rate of the process b → u¯~k + (cd)q is proportional to q2 = (pb − k)2.
At k2 = 0 one has q2 = m2b − 2pbk, and this constitutes only about 12GeV2 vs.
m2b ≃ 21GeV2 already for |~k| = 1GeV. At the same time the usual relation of the
1/m3b effects via the expectation values of the corresponding four-fermion operators
assumes that q2 = m2b . Therefore, if |~k| becomes as large as taken above, the
validity of the leading-order expressions breaks down. In any case, accounting for
the effects like interference in the usual way is legitimate only if their impact is much
smaller than the partonic width of a particular quark channel. It is worth noting, on
the other hand, that the assumption that the nonperturbative contributions to the
expectation values come from momenta not exceeding 1GeV is built in the approach
of the QCD sum rules.
At first sight, WA in mesons and ‘weak scattering’ (WS) in baryons can get en-
hanced, in contrast to interference, if the quark momenta saturating the expectation
values of the operators are large. Such a conclusion, even though eventually may
prove to be correct, cannot be justified a priori, and even the sign of the correspond-
ing corrections to the standard expressions is not known. All such effects manifestly
go beyond the 1/m expansion truncated after 1/m3b terms. For this reason, simply
assuming large expectation values in B particles does not allow one to boost signif-
icantly the lifetime differences respecting the self-consistency of the simplest 1/mb
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expansion.
Bearing in mind all reservations made above, we still quote the central values
for the corrections to the inclusive widths stemming from our analysis:
δΓB−
Γsl
≃ 0.36 (−1.1PI − 1.2D) , δΓB0
Γsl
≃ 0.36 (−0.15WA − 1.2D) ,
δΓΛb
Γsl
≃ 0.36 (2.2WS − 1PI − 1D) . (132)
Here we showed separately the effects of different light flavors: of the operators
(b¯b)(u¯u) responsible for PI in B and WS in Λb, and of (b¯b)(d¯d) generating WA in B
and PI in Λb. We singled out the contribution of the Darwin term. Even though it
may seem to be a computational separation, it is legitimate, for it can be formally
carried through the dependence on the number of light flavors. Being a flavor singlet,
the Darwin operator does not differentiate the lifetimes of charged and neutral B
(also of Bs to the extent that SU(3)fl is a good symmetry).
The above estimates generally support the original theoretically predicted pat-
tern of the lifetimes. The non-valence effects seem to be strongly suppressed. The
main effect is destructive PI in B−, about −4%, while WA is small, at a half per-
cent level. Moreover, literally we get the effect of WA decreasing the width, the
possibility originally discussed in [48, 11, 12] and which may seem to contradict
the naive interpretation of WA. The overall difference of Γ(B−) and Γ(B0) appears
about −4%. The major effect is WS in Λb, 8.5%, but it is partially offset by in-
terference, −3.5%. The difference between Γ(Λb) and Γ(B0) is literally 6%. These
estimates fall close to the expectations quoted in the review [49]. We note that the
often discarded Darwin term (e.g., in [43]) typically decreases the width by about
4%, although literally we get its effect in B and Λb close to each other. Including it,
the overall decrease in the Λb lifetime from the four-fermion operators at the order
1/m3b comes out only at a percent level while τB0 increases by 5% and τB− by 9%.
The overall absolute shift is not too interesting by itself though, since it depends on
the exact definition of the parton width.
It is worth noting that the corrections we addressed do not formally exhaust the
1/m3b terms in the asymptotic expansion of ΓHb – they come implicitly as well from
the expectation values of the kinetic and chromomagnetic operators which appear
at the level of 1/m2b corrections. These expectation values in the actual b hadrons
differ from their asymptotic values at mb →∞ by terms ∼ 1/mb [5]. In particular,
these deviations contain the expectation value ρ3LS of one new local heavy quark
operator, the convection current (or spin-orbital) one. (This operator cannot appear
independently in the expansion of the transition operator describing the inclusive
width since it is not Lorentz-invariant.) These corrections do not affect ΓB− − ΓB0
but, in principle, are present in ΓB − ΓΛb . Their practical neglection nevertheless is
legitimate: such effects are included in the existing uncertainty of the differences of
the expectation values µ2π and µ
2
G of the D = 5 operators between B and Λb. So far
these expectation values are estimated without considering corrections to the heavy
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quark limit; for example, the value of µ2G in Λb is nonzero but generally of the order
of Λ3QCD/mb. All such effects are also expected to be numerically insignificant. Let
us recall that in B mesons the ρ3LS expectation value is suppressed to the extent
that their two-particle description is applicable [5].
Our analysis does not indicate a crucial impact of the nonfactorizable contribu-
tions in the low-scale expectation values on the B lifetimes conjectured in [43] or
later speculations that Γ(B+) can even exceed Γ(B0) by a significant amount.
The small experimental lifetime of Λb thus remains a challenge for the straight-
forward 1/mb expansion. An accurate measurement of the semileptonic width of Λb
(or BRsl(Λb)) would help to shed light on the origin of the problem. The gap be-
tween the experimental value of τΛb and the theoretical expectations could have been
reduced by a significant enhancement of WS and suppression of PI in Λb, according
to the natural guess about the role of the spectator momentum we mentioned above.
Since these effects originate from the quark decay mode b→ cu¯d constituting about
60% of the total width, a 25% effect in the lifetime would signal a more than 50%
enhancement of this channel. Clearly, such an effect is not possible for the spectator
quark occupying only a small fraction of the total phase space in the decay, and
would require non-conventional composition of the heavy hadron. The standard
calculation of the 1/m3b terms neglecting the effect of finite spectator momenta is
not applicable for quantitative description of such large corrections. For example,
the expectation values of the Darwin operator would be in general much larger,
likewise the mass scale governing the size of higher-dimension operators for 1/m4b
and higher-order corrections must be higher in this situation.
Note added: When this paper was prepared for publication, a new improved
QCD sum rule calculation of the four-fermion expectation values appeared [50];
the quoted results correspond to vo ≃ −0.03, go ≃ 0.003, and B1 = 0.60 ± 0.01,
B2 = 0.61 ± 0.01. It can be suspected, however, that the stated small errors did
not adequately reflect the uncertainties inherent in the determination from the sum
rules per se.
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A1 Combinatorial relations
Here we quote two general algebraic relations which are useful in calculating the
renormalization of amplitudes containing static heavy quarks.
For any set of N numbers x1, ... , xN
N∑
k=0
(
Πkj=1
1∑j
l=1−xl
)(
ΠNj=k+1
1∑N
l=j xl
)
= 0 (A1.1)
(it is assumed that Πn2n1 = 1 if n1 > n2), and
N∑
k=0
(
ΠNj=k+1
1∑j
l=k+1−xl
)(
Πkj=1
1∑k
l=j xl
)
= 0 . (A1.2)
The proof will be given below.
The sums of the type (A1.1) are reminiscent to those appearing in calculating
the renormalization of any color-straight operator of the type b¯b · Olight. The sums
similar to Eq. (A1.2) emerge in calculations of mixing of an arbitrary heavy quark
operator into the color-straight operators, b¯ T b · O˜light → b¯b · Olight where T is any
color matrix.
For the color-straight weak vertex b¯b the product of color matrices on the heavy
quark line does not depend on the location of the weak vertex in respect to the
gluon vertices. The k-th term in the sum Eq. (A1.1) corresponds to the diagram
where the first k gluons attach to the initial b quark while the last N − k gluons
attach to the final-state quark, Figs. 4 a,b. We thus do not sum over permutations
of gluons (their time ordering is fixed) but combine N + 1 possibilities to place the
weak vertex. The analogues of xk are ωk, the energies of gluons flowing into the
quark line. With this identification the structure of the product of the heavy quark
propagators is reproduced.
In dressing a non-straight operator the gluon and weak vertices do not commute
and moving the weak vertex would change the product of color matrices. However,
calculating mixing into the color-straight operators amounts to taking trace over
color indices of the initial and final state quarks. Then one, instead, can perform
a cyclic move of the leftmost gluon in the initial state to the latest position in the
final state, and vice versa, Figs. 4 c,d. In considering Eq. (A1.2) we thus imply
combining all graphs obtained by the cyclic permutations of a particular diagram.
Both considerations apply for any color representation of the quarks and gluons.
Taken naively, the relation (A1.1) would suggest that the renormalization of
the color-straight operators vanishes to all orders (already in the sum of the above
groups of diagrams, before actual integration over all gluon momenta). Likewise the
identity (A1.2) would look like the property that the octet operators never mix with
the straight operators. This is not so, however. The reason is that the identities
Eq. (A1.1) and (A1.2) apply only if the external b quarks are exactly on shell so
that their nonrelativistic energy vanishes, E = 0. In this case the quark propagators
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Figure 4: The diagrams combined for the color-straight operators (a,b) and for
the mixing into the color-straight operators (c,d). The solid box denotes a color-
straight operator, the blob in the diagrams c and d stands for an arbitrary heavy
quark operator. Only two of six (N = 5) diagrams to be combined are shown in
both cases.
generally become IR singular when integrated over the gluon momenta, and must
be regularized by a small imaginary part −iǫ in each heavy quark denominator.
Alternatively, this is done by a shift of the external heavy quark energies by an
infinitesimal imaginary amount. This regularization translates into the shift of all
xl which, however, is of the opposite sign for the initial-state and final-state gluons.
For example, for the sum in Eq. (A1.1)
xl → xl + iǫ for l ≤ k and xl → xl − iǫ for l > k
(and the opposite shift in the sum in Eq. (A1.2)). This infinitesimal shift of de-
nominators leads to the fact that the sum of all diagrams does not vanish exactly
but contains certain δ-functions of combination of energies corresponding to a cer-
tain on-shell heavy quark inside the diagrams. Nevertheless this kills some of the
integrations over ω and simplifies the remaining integrals.
Let us prove identities (A1.1) and (A1.2). This can be done most simply by
using the following trick. We can consider the sum as a rational function of the
variable xN (for example), at x1, ... , xN−1 arbitrary but fixed. If we show that the
residue of this function at any potential pole vanishes, this would mean that the
whole function vanishes identically.
For the sum in Eq. (A1.1) this is particularly simple. Presence of a pole means
that at certain k some of the denominators with j = j0 vanish, with either j0 ≤ k
(to the left of the weak vertex) or j0 > k (to the right of it). Let j0 < k, for
example, and therefore
∑j0
l=1−xl = 0. Then the same vanishing denominator will be
present for all diagrams corresponding to k > j0, and it will change only for k ≤ j0.
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Moreover, all terms with k > j0 will have the common factor
Πj0−1j=1
1∑j
l=1−xl
which is the product of the propagators to the left of the one which vanishes.
The remaining factors will be different, but for k = j0+1, ... , N their sum exactly
reproduces the l.h.s. of Eq. (A1.1) for the set of xj0+1, ... , xN (that is, the case of
N − j0 gluons) owing to the on-shellness of the j0-th propagator (the condition∑j0
l=1−xl = 0). The induction from the obvious case N = 1 immediately proves
Eq. (A1.1) for arbitrary N .
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Figure 5: Graphic illustration for the case N = 8.
The proof of the identity Eq. (A1.2) is a little more complicated. To phrase it,
it is convenient to close the heavy quark line and map it onto the circle, Figs. 5.
The weak vertex can be referred to as North Pole whereas the infinity can be called
(with some reservations) South Pole. Every arc on the circle can be attributed the
corresponding energy denominator. Proceeding from the k-th arc to the k+1-th
arc clockwise decreases the denominator by xk. The values of all denominators are
fixed by the condition that the arc containing the South Pole (the Infinity arc)
has vanishing denominator (correspondingly, it is excluded from the product of
propagators in Eq. (A1.2)).
With this image it is easy to establish the vanishing of the residues in the sum
Eq. (A1.2) as well. A pole would appear due to the vanishing of the denominator
of some other arc with j = j0; it is indicated by the star in Fig. 5a (the Zero arc).
This figure shows the case of j0 = 6 and k = 4. It is easy to see that the residue
is exactly canceled by the configuration with j0 ↔ k, that is, when the Infinity arc
and the Zero arc are interchanged, Fig. 5b.
Indeed, due to vanishing of the denominators at the both arcs all other denomi-
nators in Fig. 5b are equal to the corresponding denominators in Fig. 5a. To get the
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residue one must merely remove the two vanishing propagators from the product
and take it with the factor −1 when the Zero arc is clockwise from the Infinity arc
and with the factor +1 otherwise. This cancellation in Eq. (A1.2) reads as

 j0∑
l=k+1
−xl

 ΠNj=k+1 1∑j
l=k+1−xl
· Πkj=1
1∑k
l=j xl
→

 j0∑
l=k+1
−xl

 ΠNj=j0+1 1∑j
l=j0+1
−xl
· Πj0j=1
1∑j0
l=j xl
at
j0∑
l=k+1
−xl → 0 .
Thus, both identities (A1.1) and (A1.2) are proved.
A2 Two-loop anomalous dimensions
For the order-αs hybrid renormalization of the heavy quark operators Q¯Q q¯q the
identities discussed in Appendix 1 say that summing over all attachments of the
gluon to the heavy quark line results in δ(ω). Therefore, the integration over d3k
cannot produce an UV logarithm since it would require an odd power of ~k in the
integrand. This is not possible in the simple one-loop diagram. The one loop
renormalization of the straight operators coincides, therefore, with that of the light
quark bilinear, while the octet-to-straight mixing is absent. For the vector or axial
currents we consider, the overall one-loop renormalization vanishes. For the octet
operator an additional contribution to the diagonal renormalization comes from the
gluon exchange between the heavy and light lines.
In order α2s both the renormalization of the color-straight operators and the
straight–octet mixing occur. We do not consider the O(α2s) diagonal anomalous
dimension of the octet operators. Since the O(αs) one does not vanish, the O(α2s)
anomalous dimension is scheme-dependent. For the light-quark currents we are
interested in, only nonfactorizable diagrams must be considered where at least one
gluon connects the heavy quark line with the light part of the diagram.
The hybrid anomalous dimensions are given by a (single) logarithmic UV diver-
gence of the diagrams in the limit mQ → ∞, |k| ≪ mQ. In the Feynman gauge
we adopt for computations, only 18 “double exchange” diagrams where two gluons
connect light quark line with the heavy quark line each, yield the log. All other
diagrams where there is only one gluon vertex either on the heavy quark or on the
light quark lines, are finite for symmetry reasons similar to the one-loop case, or (in
the case of dressing the octet operator) yield only the octet structure we are not
interested in.
Combining the diagrams into the groups of three according to the rules described
in Appendix 1 (all locations of the weak vertex on the heavy quark line for the
color-straight operators, or cyclic permutations of the Q¯Qg vertices for the octet
operators) we get, at fixed values of the gluon momenta k1, k2 the sum of the heavy
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quark propagators in the form
− 2πiδ(ω1 + ω2) 1
ω1 + iǫ
or − 2πiδ(ω1 + ω2) 1
ω2 + iǫ
(A2.1)
for the color-straight operators, or
− 2πiδ(ω1 + ω2) 1
ω1 + iǫ
+ 2πi
(
P 1
ω1
δ(ω2)− P 1
ω2
δ(ω1)
)
(A2.2)
(and ω1 ↔ ω2) for the octet operators. In view of the ω → −ω symmetry of the
integration only the structure −2π2δ(ω1)δ(ω2) survives, and the resulting integrals
contain simple purely three-dimensional expressions given below . By dimensional
counting they all are logarithmic; they do not vanish since integrations runs over
two spacelike vectors.
Dressing of color-straight operators Q¯Q q¯Γq
The six groups of three diagrams in turn fall into three types which differ by the
location of the gluon vertices on the light quark line, Figs. 6a-c. Each diagram can
have gluon lines twisted or not. Their expressions are
Ia =
g4s
2
C [Γγµγ0γνγ0]
∫
d3k1
(2π)3
d3k2
(2π)3
(k1 + k2)µ(k1)ν
~k 41 ~k
2
2 (~k1 + ~k2)
2
Ib =
g4s
2
C [γ0γµΓγνγ0]
∫
d3k1
(2π)3
d3k2
(2π)3
−(k2)µ(k1)ν
~k 41~k
4
2
(A2.3)
Ic =
g4s
2
C [γ0γµγ0γνΓ]
∫ d3k1
(2π)3
d3k2
(2π)3
(k2)µ(k1 + k2)ν
~k 21~k
4
2 (~k1 + ~k2)
2
.
The color factors C are
C1 = [t
atb]l[t
atb]h =
1
4
(
1− 1
N2c
)
[1]l[1]h − 1
Nc
[ta]l[t
a]h (A2.4)
C2 = [t
atb]l[t
bta]h =
1
4
(
1− 1
N2c
)
[1]l[1]h +
Nc
2
(
1− 2
N2c
)
[ta]l[t
a]h (A2.5)
for “twisted” and “non-twisted” diagrams, respectively.
For Γ = γ0 or γ0γ5, twisted or non-twisted separately, we have
Ia+Ib+Ic = −g4sC Γ
∫
d3k1
(2π)3
d3k2
(2π)3
(~k1 · ~k2)2 − ~k21~k22
~k 41~k
4
2 (~k1 + ~k2)
2
= g4s C Γ
1
32π2
∫ Λ dk
k
. (A2.6)
For Γ = γi or γiγ5
Ia + Ib + Ic =
1
3
g4sC Γ
∫
d3k1
(2π)3
d3k2
(2π)3
(~k1 · ~k2)2 + 2(~k1 · ~k2)(~k21 + ~k22) + 3~k21~k22
~k 41~k
4
2 (~k1 + ~k2)
2
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Figure 6: Diagrams showing the different attachments of gluons to the light quark
line.
= g4s C Γ
1
32π2
∫ Λ dk
k
. (A2.7)
The sum of all diagrams for arbitrary Γ takes the form
Q¯Q q¯Γq →
(
1 +
α2s
4
(
1− 1
N2c
)
ln Λ
)
Q¯Q q¯Γq +
α2s
4
Nc
(
1− 4
N2c
)
ln Λ Q¯taQ q¯taΓq .
(A2.8)
Mixing of octet operators Q¯taQ q¯taΓq into color-straight operators
Taking the trace over the heavy quark color indices we likewise can combine the 18
diagrams into 6 groups belonging again to the pairs, where each pair has the same
location of the q¯qg vertices but different trace of color matrices along the heavy line.
For example, for Γ = γ0 the projection onto the straight operator yields
(Ia + Ib + Ic) |straight = −g4s(C3 + C4) Γ
∫
d3k1
(2π)3
d3k2
(2π)3
(~k1 · ~k2)2 − ~k21~k22
~k 41~k
4
2 (~k1 + ~k2)
2
= g4s(C3 + C4) Γ
1
32π2
∫ Λ dk
k
, (A2.9)
where the color factors
C3 = − 1
4Nc
(
1− 1
N2c
)
, C4 =
Nc
8
(
1− 1
N2c
)(
1− 2
N2c
)
. (A2.10)
The same renormalization emerges for other Lorentz structures Γ as well.
For the flavor-singlet operators additional, annihilation diagrams are possible
where the qq¯ line forms a closed loop. It is easy to see that for the vector current it
does not contribute. If the operator is color-straight, only two gluons can come out
of the quark loop. The analogue of the Furry theorem leads to the cancellation of
the two possible diagrams.
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For any color-octet operator the sum of the diagrams where one of the gluons
connects the external light and heavy quark lines yields only the octet operator in
analogy with the one-loop diagrams. All other diagrams can obviously produce only
the octet operators as well.
For the color-straight operator with the axial light quark current, both gluons
must come out of the quark loop. The expression for the triangle subgraph does
not differ from the Abelian case [51]. The sum of the diagrams where one of the
gluons is attached to the external light quark and another ends on the heavy quark
line yields only non-logarithmic contribution. The diagrams when both gluons are
absorbed by the light quark legs describe the two-loop renormalization of the singlet
axial current and differ from the classic Abelian result [51] only by the color factor
CF/2.
Using Eqs. (A2.8-A2.10) and the definition Eq. (28), we arrive at the O(α2s)
matrix of the anomalous dimensions given in Eq. (29) and in the text following it.
A3 Relations between parametrizations
Here we collect the relations between different parametrizations of the expectation
values of the four-fermion operators in B mesons.
Hadronic parameters suggested in Ref. [11] are given by
f˜ 2BMB vs = −
2
Nc
ωV +
2
3Nc
ωA − 4τV + 4
3
τA (A3.1)
f˜ 2BMB gs = −
1
Nc
ωV − 1
3Nc
ωA − 2τV − 2
3
τA (A3.2)
f˜ 2BMB vo = −
(
1− 1
N2c
)
ωV +
1
3
(
1− 1
N2c
)
ωA +
2
Nc
τV − 2
3Nc
τA (A3.3)
f˜ 2BMB go = −
1
2
(
1− 1
N2c
)
ωV − 1
6
(
1− 1
N2c
)
ωA +
1
Nc
τV +
1
3Nc
τA . (A3.4)
The inverse relations read as
ωV = f˜
2
BMB
[
−1
2
vo − go − 1
4Nc
vs − 1
2Nc
gs
]
(A3.5)
ωA = f˜
2
BMB
[
3
2
vo − 3go + 3
4Nc
vs − 3
2Nc
gs
]
(A3.6)
τV = f˜
2
BMB
[
1
4Nc
vo +
1
2Nc
go − 1
8
(
1− 1
N2c
)
vs − 1
4
(
1− 1
N2c
)
gs
]
(A3.7)
τA = f˜
2
BMB
[
− 3
4Nc
vo +
3
2Nc
go +
3
8
(
1− 1
N2c
)
vs − 3
4
(
1− 1
N2c
)
gs
]
. (A3.8)
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We recall that for valence quarks vfacts = 1 while v
fact
o = g
fact
s = g
fact
o = 0 .
For parametrization of [43]
f˜ 2BMB B1 = f˜
2
BMB(vs − 4gs) = 4(τV + τA) +
2
Nc
(ωV + ωA) (A3.9)
f˜ 2BMB B2 = f˜
2
BMB(vs − gs) = −2(τV − τA) −
1
Nc
(ωV − ωA) (A3.10)
f˜ 2BMB ε1 = f˜
2
BMB(vo − 4go) = −
2
Nc
(τV + τA) +
(
1− 1
N2c
)
(ωV + ωA) (A3.11)
f˜ 2BMB ε2 = f˜
2
BMB(vo − go) =
1
Nc
(τV − τA) − 1
2
(
1− 1
N2c
)
(ωV − ωA) , (A3.12)
with the inverse relation
ωV = f˜
2
BMB
[
1
4Nc
B1 − 1
2Nc
B2 +
1
2
ǫ1 − ǫ2
]
(A3.13)
ωA = f˜
2
BMB
[
1
4Nc
B1 +
1
2Nc
B2 +
1
2
ǫ1 + ǫ2
]
(A3.14)
τV = f˜
2
BMB
[
1
8
(
1− 1
N2c
)
B1 − 1
4
(
1− 1
N2c
)
B2 − 1
4Nc
ǫ1 +
1
2Nc
ǫ2
]
(A3.15)
τA = f˜
2
BMB
[
1
8
(
1− 1
N2c
)
B1 +
1
4
(
1− 1
N2c
)
B2 − 1
4Nc
ǫ1 − 1
2Nc
ǫ2
]
.(A3.16)
All these relations hold for each light quark flavor separately.
In the ∆B = 2 transitions B0(s) → B¯0(s) determining the width splitting in the
B-B¯ systems one encounters two four-fermion operators [9], both color-nonsinglet
in the t-channel. They are naturally parametrized as
〈Bq|b¯iγµ(1− γ5)qi b¯jγν(1− γ5)qj |B¯q〉 = −2 f˜ 2B
(
v˜ PµPν − g˜ gµνM2B
)
(A3.17)
The non-valence matrix elements vanish. There is a standard notation B˜B for
1
1+1/Nc
(v˜ − 4g˜) :
〈Bq|b¯iγα(1− γ5)qi b¯jγα(1− γ5)qj|B¯q〉 = −2
(
1 +
1
Nc
)
B˜B f˜
2
BM
2
B . (A3.18)
The anomalous dimension of this operator equals two anomalous dimensions of the
b¯q currents, so that B˜B is renorm-invariant in one loop [7, 8] (all operators above
are normalized at the low point, not at mb). The combination of the operators
corresponding to the v˜ structure also renormalizes multiplicatively in one loop; its
anomalous dimension was calculated in [9]. Power mixing of these operators is
absent.
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